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i 0. Summary

= Motion of Finite Body
= QOrbital Motion + Rotation

= Basics: Rotation of Rigid Body
= Orientation: Rotation Matrix
= Eq. of Motion: Angular Momentum Conservation
= Solution: Free Rotation + Perturbation

= Topics: Non-Rigidity, Relativity

= Appl.: Earth, Moon, ...




i Various Rotation

m Earth: A—B<C, C-A«C
= Almost Uniform Rotation: UT1

= Forced Motion of Rot. Axis: Precession, ...

= Non-Rigidity: Polar Motion, ...
= Similar Case: Mars
s Moon: A<B<C, B-A<C-A«C
= Strong Spin-Orbit Coupling
= Similar Case: Galilean Satellites




i Various Rotation (2)

= Asteroids
= Free Rotation + Small Sun’s Torque
= Large Non-Sphericity: A<B<C
= Sometimes Prolate: Ex.) Ida, A<B~C
= Artificial Satellites
= Arbitrary Shape = Arbitrary (A,B,C)
= Strong Perturbation: Earth’s Torque, ...
= Active Control of Attitude




i History

= Hipparchus (—BC150): Precession

= Copernicus (1543): Earth’s Axis Motion
= Fabricius (1611): Sun’s Rotation

= Huygens (1673): Centrifugal Force

= Newton (1687): Law of Motion, Universal
Attraction, Explanation of Precession

= Cassini | (1693): Law of Moon’s Rotation




i History (2)

= D’Alembert (1743): Prediction of
Nutation

= Bradley (1747): Discovery of Nutation

= Euler (1765): Eg. of Rigid Body Rotation,
Prediction of Polar Motion

= Landen (1775): Landen’s Transf.
= Legendre (1786): Elliptic Integrals




i History (3)

= Lagrange (1788): Analytical Dynamics

= Poisson (1809): Poisson Approximation
= Jacobi (1829): Elliptic Functions

= Poinsot (1834): Visualization of Rotation
= Hamilton (1834): Canonical Formulation
= Coriolis (1835): Coriolis Force




i History (4)

= Serret (1866): Serret Canon. Variables

= Oppolzer (1880): Oppolzer Term

= Chandler (1891): Discovery of Polar Motion
= 1899~ International Latitude Service

= Kimura (1902): Discovery of Z-Term

= Poincare (1910): Fluid Core Rotation

= Einstein (1915): General Relativity




i History (5)

= De Sitter (1917): Geodesic Precession

= Andoyer (1923): Canonical Theory of
Rotation

= Oort (1927): Galactic Rotation
= Woolard (1953): Modern Nutation Theory

= Molodensky (1961): Nutation of Elastic
Earth

m 1962—~: Int'| Polar Motion Service
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i History (6)

= Hori (1966): Pert. Theory by Lie-Transf.
= 1969~: Lunar Laser Ranging Obs.

Wako (1970): Clarification of Z-Term
1976~: Satellite Laser Ranging Obs.
Lieske et al. (1977): IAU1976 Precession

= Kinoshita (1977): Rigid Earth Nutation
Theory based on Hori’'s Perturbation Theory
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i History (7)

= Guinot (1979): Non-Rotating Origin
= 1980: MERIT Campaign
= Sasao et al. (1980): SOS Theory

= Wahr (1981): Nutation Theory of Non-
rigid Earth

= Seidelmann (1982): 1AU1980 Nutation
Theory
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i History (8)

= Eckhardt (1981), Moons (1982):
Analytical Theory of Lunar Rotation

= Herring (1986): VLBI Determination of
Nutation

= Williams (1980°s): Numerical Theory of
Moon’s Rotation, JPL/LE

m 1988~: Int’| Earth Rotation Service
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i 1. Rigid Body

= |dealization of Finite Body
= — System of Discrete Mass points
= Barycenter itself = Orbital Motion
= Around Barycenter = Rotation
= Simplification  X(t)=X, (t)+R(t)x
= Newtonian Mechanics
= Constraint Conditions = Rigidity
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i Concept

= What is “rigid body”?
= Set of points with invariant mutual distances
= Description of Position: Basic Triangle
= EX.: Center O, Two Points on A- and C-axis
= Assuming Constraint Force

= Incompatible with Relativity (Why?)
= ldealization in Newton Mechanics (Why?)
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i Characteristics

= Def.: Body with Internal Invariant Distances

= Or “System of Discrete Points under Constraints”

= How Many Freedom? (Answer = 6)

= Ex.: 3 (Barycenter Position) + 2 (Direction of
Rotation Axis) + 1 (Rotation Angle)

= Two Coordinate System (CS) are Needed

= Inertial CS vs Body-Fixed CS
= EX.: Geocentric CS vs Earth-Crust-Fixed CS
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i Number of Freedom = 6

= Outline of Proof
= Assume that position of basic triangle is given
= Number of freedom of arbitrary fourth point = 3

= Distances between the fourth point and the basic
triangle are known and fixed

= 3 unknowns for 3 conditions = fourth point is fixed
= Arbitrary fourth point is fixed = body is fixed

= Number of freedom of basic triangle = 3x3 =9

= 3 distances between vertices are invariant

= The rest number of freedom = 9-3 =6
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i Expression of Position

= Barycenter (3 positions)
= + Orientation (3 variables)

= Various Ways of Expression
= Triad of Basis Vectors E=(e, ¢; e;)
= 3 Angles: Eulerian Angles (v,6,9)
= Rotation Matrix R=R(y,6,¢)
= Quarternion Cp +G4i+0 j +0K
= Spinor $0, 5,01 13,0, +5;0;
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i Expression of Motion

= Barycenter Orbital Motion: Linear Velocity
= Rigid Body Rotation: Angular Velocity
= Motion of Barycenter X, (t)

= Rigid Body Rotation
= Finite Rotation = Rotation Matrix R (t)
= Infinitesimal Rotation = Vector Product

de, =e; (t+dt)—e,; (t)=w(t)dtxe, (1)
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i Equation of Motion

= Barycenter: Orbital Motion p=mMmyv
= Position X, Velocity v, Mass m, Momentum p
= Newton: Var. of Mom. = Force F dp P

= Orientation: Rotation dt

= Angle 6, Ang. Velocityw, Moment of Inertia
I, Angular MomentumL L =l

= Euler: Var. of Ang. Mom. =Torque N
= Difference: 1 is a Matrix dL _
dt
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i Solution

= Free (=No Torque) Rotation
= Ang. Vel. (A=B): Simple, Trigonometric F.
= Ang. Vel. (General): Complicated, Elliptic F.
= Angle: Incomplete Elliptic Integrals

= Under Torque
= Generally Torque is Small = Perturbation
= Analytical Theory vs Numerical Integration
= Euler Angles vs Canonical Variables
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2. Mathematics of
;_L Rotation

= Basics of Kinematics of Rigid Body
= Infinitesimal Rotation: Vector Product
= Finite Rotation: Rotation Matrix

m Euler’'s Theorem
s Fundamental Rotation Matrix
= Angular Velocity Vector
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i Body-Fixed CS

= Two Distinct Coordinate System (CS)
= Inertial CS (XYZ) vs Body-Fixed CS (ABC)
= Ex. of Latter CS = Rigid Body CS
= Expression of CS E=(e, e, e)
= Basis Matrix = Triad of Basis Vectors
= Orthonormality Conditions (6) €;-€ =0
= Meaning of Vector Components
L=Lce, +Le +Le, =L,e,+Lges+Lce.
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:_L Basis Vectors

= Completeness => Time Var.
= Orthonormality => Anti-symmetry

de. 3
-Ea

k=1

d(e.-e de.
( (Jit k) =O—>%-ek+ej '%:O—)ij =—Q)
= Multiplication of Anti-symmetric Matrix
= = Vector Product de,

—E =@Xxe,,...

dt
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i Angular Velocity

= What is Vector w ?
= Simple Ex.: Const. C-axis Comp. © = @e.
= C-axis is invariant e (t)=eg,
= Other Axis rotates with constant speed
e, (1) =e,, COS wt + ey, Sin ot

e () =—e,, Sin wt + ey, cos wt

= Vector w = Angular Velocity Vector
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i Addition Theorem

= Add Two de, de, _
Rotations  dt dt
= Infinitesimal Rotations: d t is small

e ~

=@ Xe,,... 0, xe,,...
+o,0txe!)
el ~el) +o,0txel) el +(m, +0,)stxe

= Sum of Angular Velocity = Vector Sum
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f.h Finite Rotation

= EXpressions
= Matrix, Spinor, Quarternions

z

kY

X

= Operation = Matrix Product E('[)

= Then, order-dependent

= Change Basis M. to Another Basis M.

= Rotation Matrix = Orthogonal
= 9 Comp. but Only 3 Independent

C\LB
A
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:_L Rigid = Orthogonal

= Rigidity = Distance Invariant
X =x°
= Assuming Linear Transf. X = Rx
= Rigidity = Orthogonality
(Rx)" =x'R"Rx = x°

~“R'R=1or R*'=R"
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i Angular Velocity M.

= Time Differentiation of Orthogonal M.
= Orthogonality = Angular Velocity M.

R'R=1 > RTd—R:— dR’ R=-0Q
dt dt

= Anti-symmetry 0 -0, o
QT -_0 Q=| o, 0 -

—@, Oy 0
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i Vector Product

= Ang. Vel. M. = 3x3 Anti-Symmetric M.

= Equivalent with 3-Dim. Axial vector

0 -0 o o,
Q=| o, 0 -o, 0=|0,
-0, o 0 0,

y X
= Anti-symmetric M. = Vector Product

OX=@xX

yA
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i Euler's Theorem

= Arbitrary Finite Rotation = Screw Rotation
= Triple Product of Fund. Rotational M.

R =Ry (05118’ 7) =R, (7/)Rj(ﬂ)Ri (@)

(Rijk(a”g’ 7/))_1 =Ry; (_7/’ -, —0!)

= Euler Angles = 3 Fund. Rotation Angles
= Also called as Cardano’s angles
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i Fundamental Rotation

= EX.: Third Axis Rotation with Angle g
Y

R3(9) X P X

=R, (0) \< ; X

s Coord. Transf.

Xo = XpC0SA+Y,8IN0, y, =—X,sinf+Y, coséd

Xp =X,C0SHO—Yy,SInG, Y, =X,SING+ Yy, cosé




i Properties of Fund. R.

= Rotation around j-th axis R;(9)
= Inverse = Transpose = Reverse Rotation

(Rj (‘9))_1 - (Rj (9))T =R, (-0)
= Old Coord. X, New Coord. X

Xp Xo Xo Xp
bl e
Zs Z, Z, Zp
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i Expression of Fund. R.

1 0 0 cosd 0 -siné@
R,(#)=|0 cosd sind| R,(O)=] 0 1 0

0 -sin@ cosé@ sind 0 cosd

cos@ singd 0
R,(#)=|—-sind cosd O

0 0 1

|
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i Two Different Rotations

= Two Different Expr. Of Same Vector

L=Le +Le +Le =Le,+Lse;+Lce.
= CS Rotation vs Rotation of Coordinates

L) (L
E=(e, e; e) L, |=R| L,
L)L

s What is Relation between E and R?
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f.h Small Angle Approx.

= Assume All Angles are Small

0 6 0 0
R,(0)=1+|-0 0 0|=1+|0 [x=1-6¢,x
0O 0 O -0

.-.HR,.(ej)gl_(;ejej]x

j
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i Euler Rotation

= Number of Combinations = 3x2x2
= Why 12 ways?

= 3-1-3 Sequence (= X convention)
= Classic Dynamics, Continental Style
= American Style changes ¥ and ¢

Ry, (‘//’ 0, ¢) =R, (¢) Rl(‘g) R, (‘//)
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Euler Angles (3-1-3)
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i 3-1-3 Rotation Matrix

mExpression in Inertial CS (Q: Derive)
C¢CW - S¢C6.SV, C¢SV, + S¢C9CW S¢SH
R, (1//, 0,¢) = —S¢CV, —C¢CGSW —S¢SW +C¢C9CW C¢89
SQSV, —SQCW C,
COS@pCosy —singcosdsiny  cosgsiny +singcosdcosy  singsind
=| —SIN@PCOSy —COSPCOSHSiNy  —SiN@Siny +CoS@PCOSHCoSy  CoS@sind
sin@siny —sindcosy cosé
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i 3-1-3 Rotation Basis

= Transformation of Basis Vectors

(ex.ey.€, ) —>(ey. ey e, ) > (ey.ep,ec) —>(ey.€5,€c)

= EXpression of Basis Vectors (Q: Derive)

e, =e, COSy +e, Siny, e, =—e, SINy +e, COSY
e, =e,, C0SO+e,siN0, e.=—e, Sinf+e, COSH
e, =e,CoSg+e,SIng, e, =—e,SINP+e,COS¢P
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i 3-1-3 Rotation Basis (2)

= Relation of Basis and Rotation Matrices

E'=(e, e e )T =R;(¢)R, (0)R;(v)
= Inertial CS Expr. of Basis (Q: Derive)

cosy —siny —cosésiny sin@siny
e, =|Siny |,e, =| COSy |,e,=|cCOSECOSy |,e.=|—Sindcosy
0 0 siné@ cosé

COS ¢Siny +Sin ¢ cos @ cosy —Sin ¢siny + Cos ¢ oS & CoSy

COS@CoSy —singcosasiny —sin ¢ cosy —cos ¢ cosfsiny
e, = 1€ =
singsin @ cosgsin g
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i Spherical Triangles

= Angles: A,B,C + Arcs: a,b,c A
= 2 Expr. Of Same Rotation c
R, (A)R;(c)R,(B)=R,(b)R,(7-C)R,(a) &

= Formulas of Spherical Triangles
= Sine sinasin B =sinbsin A
= 1st Cosine cosa=cosbhcosc-+sinbsinccos A
= 2nd Cosine cos A=—cosBcosC +sin BsinCcosa
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:_L Defect of 3-1-3 Seq.

= Difficulty in Expressing Axis-2 Rotation

R,(0)=R, (%)Rl(ﬁ)Rs (gj

T/2

0

/2
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i Defects of 3-1-3 Seq. (2)

= Degeneracy in case of small angles

0
R313(W,(9,¢)51— 0 |[x
P+y
= Cause: 2 indices are the same

= Solution
= All-different-indices Seq. like 1-2-3 Seq.
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i 3-2-3 Sequence
= = Y Convention = English Style
P =R, (_gA’HA’_ZA)

= Screw Rotation Ry (4,0,0)
= Rotation around Axis n

sinpcosA
n=|sinpsinA

7
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i Screw Rotation

= Screw Rotation
= = Rodriguez’s Rotation Matrix

X =Ry (4,00)x

=x+sinfnxx+(1-cosf)nx(nxx)

= Angular Velocity = Constant @) = &on

= Then, Rotation Angle is
0 = wt
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i Other Seguences

= 1-3-1 Seq.: used in Nutation Matrix
N=R, (er,-Ay,—(e4+A¢))
= 2-1-3 Seq.: Polar Motion + Sidereal R.
WS=R,,(0,-y,,-X,)
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i 1-2-3 Sequence

= Aerodynamics, Attitude Dynamics
= Mathematically Best
Ry (@, 8,7) =Rs(NR, (AR ()
{cycﬂ CS,S,+SC, -CS,C, +sysa} {
=3 B

-sC, -S5,5,+C,C, S,5,C,+C,S,
S, -C,S, C,C,

a

p
y

}x
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i Angular Velocity Expr.

= Vector Expression of Infinitesimal Rotation

do.
— — — _J
odt =do = Zeejdé?j —> 0= Z ” e,
j j
= Rotation Axis = Direction of Angular Velocity
= Note 1: Ang. Velocity # Time Var. of Angles

= Note 2: Basis Vector Change with Rotation

= Note 3: Angular Velocity is independent on the
order of Rotational Operations
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i An Example of Expr.

dy  do  d¢

s 3-1-3 Seq 0= dt €, + dt e9+ae¢

= Inertial

0

COSy sin@siny

CS Repr. e, =|0|e,=|siny |e,=| —sindcosy

= Components

1

0 cosé
w,) [Ocosy +gsindsiny
@, |=|@siny —gsinfcosy
@, W + ¢ cosé
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i Another Example

= Body-Fixed CS Repr.

sin@sin ¢ COS ¢ 0
e, =|sindcosy |,e,=| —sing |,e, =0
cosé 0 1

s = Euler’'s Kinematic
Eg. of Rotation

wg |=| wsin@cosgp—BGsing

= Components [G,AJ Y sin @sin ¢ + .cos ¢

w. ) |ycosé+g

o1




i Velocity Transtf.

de,
. . — = =@Xe,, ...
= Variation of Basis Vector dt

= Transf. Law in Body-Fixed CS Dx

= D/Dt = Diff. in Body-Fixed CS V:EH’)XX

= Proof
X =xX,e,+Xgeg +Xe.,V=Vv,e,+vge; +v.e.

)(z(XA,XB,XC)T ’V:(VA'VB'VC)T

V=dX_dxA +dee +dXCeC+xAdeA+x deB+X de.

dt dt A dt B dt "®dt ¢ dt
_dx,

V=

Dx
+ (5% —a)CXB)—>V:E+mxx
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:_L Another Expr. of Transf.

= Symbolic Form d - D + @ X

= Two Time Diff. dt Dt
= True Time Diff. in Inertial CS: d/dt
= Component in Body-Fixed CS : D/Dt

= Inertial CS vs Body-Fixed CS

D
V=d—X V=—X+O)><X

dt Dt
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i 3. Physics of Rotation

= Total Momentum & Total Angular
Momentum

= Conservation of Angular Momentum
= Ang. Mom. Expr. in Body-Fixed CS
= Moment of Inertia

= Expression of Torque

= Euler's Dynamical Eqg. of Rotation
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i Newton’s Eq. of Motion

= For Each Component of Finite Body
m Total Force = External + Internal
m Internal Force: Molecular, Atomic, EM,...

d Ay =F + > F

d J=K
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i Motion of Barycenter
= Total Mass M = ZK:mK

= Barycenter MX,, = Z m, X,
K

= Internal F.: Weak Law of Reaction F,, =-F,,
= Barycenter Mot. independent on Internal F.

dX Fe3E,
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i Angular Momentum

= Linear Mom. vs Ang. Mom. L, =m, X, xV,

= Total Ang. Mom.
L => L
= Orbital AM + Rotational AM Toul ; :

= Q: Derive

L;. =LotL, L= MXO X Vg,
L= m (X, —X,)x(Vi Vo)
K
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i Discrete to Continuous

= Discrete Sum — Continuous Integration
= Mass Density Distribution Function o0 (X)

ZK:mKPK — jP(X)p(X)dBX

= EX.: Rotational Angular Momentum, L
L=>m (X, —Xo)x(Ve— Vo)
K

—>L:jxxv(x)p(x)d3x
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i Total Angular Mom.

= Strong Law of Reaction
= = Constraint F. is Central (Invalid for EM force)

Fy o X; =Xy
= Time Var. of Total AM by External Force

= Q: Show
dL-,,
Total :ZXK ><]‘;*K
dt e
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i Rotational Angular Mom.

= Accelerations F F
A A, =—

= Barycenter 0 = ° M m,
= Time Var. of Rot. Ang. Mom. by Torque

dL
EZZmK (X =X5)x (A —Ao)
K
_Jxxa x)d’x =N
= Tidal Acceleratlon a, =A, —A
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i Tidal Acceleration

= Def: Difference from Barycenter’s Accel., A,

= Usual Approximation
o OA
= Depend on Position Only a, ~ Xy
= Up to 1st Order of Variation OX ¢ 0

= EX.: Gravitational F. by External Mass point
A, Gm

LI i :(G_;“j[s(r.xK)r_rzxK]

= 3
Ir—x| r

= Note: Not always Ag=A(X=Xp)
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i Rotational Ang. Mom. (2)

= Rigid Body Approx.: Dx/Dt=0—Vv=w X X
= Rot. AM, L, is Linear Function of w

L= JXX((DXX)p(X)dBX =l
= Moment-of-Inertia Tensor 1 (Q: Show)
(1); =15 :_[(X25ij ~%X;) p(x)d’x
= “AM Axis” = Direction of AM Vector
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i Moment of Inertia

= Mass Moment Tensor
_ 3
I —Ixixjp(x)d X

= Moment-of-Inertia Tensor (Q: Show)

1 ..
i ZE(JYY+JZZ_‘]XX) Iij:_‘]ij ('ij)

= Cyclic Change of Indices (X—Y—2)
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i Rotational Energy

= Again, Rigid Body Approx.: v=w X X

T_—f d3x——j mxx) p(x)dx

oL o
:2: ZIIJIJ

| j=1
= Maximum Energy for Constant AM
— “Rotation Axis” = “AM Axis”
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i Ellipsoid of Inertia

= Normal Ellipsoid assoc. with 1| Z L%, =1

i,j=1

= Quadratic Form: Diagonalization
%2+, %+ 1% =1

= Diag. Elem. = Principal Mom. Of Inertia
A<B<C Ax*+By*+Cz*=1

m INnverse q = A—l > b = B—l ZCEC_l
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i Principal CS

= = Principal Moment-of-Inertia CS
= CS where 1 Is Diagonalized
= Well-used as a Body-Fixed CS

= EXpr. in Principal CS
= Figure AXxis I —
=C-Axis of Principal CS =~

‘A 0 0)
0 B O

0 0 C,
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i Expr. In Principal CS

= Rotational Quant. Are Plainly Expressed

= Rotational AM L, Aw,
L; |=| Bwg
= Rotational Energy |{ L. Ca,
1
T :E(Aa),i + By +Ca)§)
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i Triad of Principal CS

= In Inertial CS: 3-1-3 Euler Angles
(en e ec)T =R;(4)R,(0)R;(v)
COSy COS ¢ —Siny cosésin ¢
e, =
€. =

siny COS ¢ + COSy COSASin ¢

sinysinéd
sinésin ¢ [cos://sine
—COS Sin g—siny cos & cos ¢ cos &
e = {—sin w Sin @+ COS COS 0003¢J
sin 4cos ¢

|
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il\/loment of Inertia (2)

= Dyadic Expr. by Triad of Principal CS
I=Ae,®e, +Be, ®e, +Ce. e,
= Easy Inverse Matrix Repr. (Q: Show)
I'=ae,®e, +be, ®e, +ce. Ve,
= Dyadic = Direct Product of Vector

(a®b)jk - (a)j (b)k - ajbk
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i Principal Mom. Inertia

= Spherically Symmetric
= A=B=C

= Rot. Symm. (Oblate or Hamburger-like)
= A=B<C

= Rot. Symm. (Prolate or Lemon-shaped)
= A<B=C

= General: A<B<C
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i Principal M. Inertia (2)

= Uniform Triaxial Ellipsoid (Q: Confirm)
= Cyclic Change of Indices (A—B—C)

2 2
A:4—”RARBRC(R§+R§) CoAT R R

15 B R:+RZ
s EX: Asteroid Ida, A<B~C
R, =59.8 km, R; =25.4 km, R. =18.6 km

A = 0.235,E =0.929
C C
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i Principal M. Inertia (3)

= Earth: A~B<C
CEC_ Ac _ 3,284741><10_3,M = 2,]_96><:|_O_6,i2 =0.330701

B E E'‘E
GM_ =3.986005x10"m’? R, = 6.3781366x10°m
= Moon: A<B<C
=0.389

Cu A _ 6325104 Bu—An _ 533,104 S =
M M MM

% ~1.230002x10%,R,, =1.738x10°m

E
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i Three Axes

= Rotat. w vs Ang.Mom. L vs Figure e.

= Confusing
= Which is so-called “Pole”?

= Expressions in Principal CS
@, Aw, 0
O=|w;, |, L=|Baw; |, e.=|0

W, Cay 1
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i Three Axes (2)

= 1f A=B<C L=A0+(C-A)aw.e.
= Q: Show

= 3 AXes are on the
Same Plane

s If A~C, AM AXIS IS
close to Rot. Axis but
far from Figure Axis
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Visualization of Rotation

= Method of Poinsot (1851)
= Free Rotation: Moving and Fixed Cones
= Polhode
= Orbit of Rot. Axis on Ellipsoid of Inertia
w,(t), 05 (1), @ () Aw:+Ba)+Cai =2T
= Herpolhode

= Orbit of Rot. Axis on Plane in Inertial CS
wy (1), (1), @, (t) Cyxmy +C @y +C,0, =C,
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i Eq. of Rotation

= Conservation of Rotational Ang. Mom.
= Inertial CS + Ang. Mom. d_L_N
dt
= Principal CS + Ang. Mom.
DL -1
— =N-(I''L)xL
Dt
= Principal CS + Ang. Vel. (Euler 1765)
Do

Ezl_l(N—(X)XI(I))




i Tidal Torque

= Main Term of External Torque
N =2 [ (rox) (rxx) p ()%

= EX.: Moon+Sun Acting on Earth
= Moon (or Sun)’'s GM = u  Geocentric Position r

= General Torque: from Law of Reaction
= F = Force by Body on External Point

N=-rxF
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Eqg. of Rotation (2)

= Kinematic Part = Expr. of Ang. Vel.
with Time Var. of Euler Angles

dy de¢ dL
— =w, —| - |cosd =
it (dtj N

%:wx cosy +a, siny @=I"L

d¢ _wysiny —a, cosy  N=N,e, + Nge, + Nce.

dt siné
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i Eq. of Rotation (3)

= Principal CS, Ang. Mom. (v.0,¢,L,,Ls, L)

= Q: Show
dy _al,sing+blycosg dL,
dt sin@ dt =Ny —(b—c)LsLc
do dL
E_ A —HlLg dtB =NB—(C—61)LCLA

d¢ LC( jcos& dd—I‘J[C:NC—(a—b)LALB
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i Eq. of Rotation (4)

= Principal CS, Ang. Vel. (v.0.4,0,,@5,a;)
= Q: Show
dy _@,sing+wgcosg do, N,—(C-B)oya,

dt sin @ dt A
dé . dw, Ny—(A-C)a.e
— =, COS@— @, Sin B ___B ¢ A
a7 $— 5 Sing dt B

d—¢=a)c—(d—l//JCOSH do. Nc—(B-A)w,m,

dt dt dt C
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iTriviaI Solution: A=B=C

= Simplest Solution: Spherically Symmetric
= Zero Torque (Q: Why?)

= — Const. Ang. Mom. — Const. Ang. Vel.
= A=B=C — AM Axis = Rot. Axis

= Coord. Transf.: New C-Axis = AM Axis

= Time Variation of Angles
= Rot. Angle is Linear, Others =Const.
= Result: Uniform Rotation
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i Orbit vs Rotation

Item Orbit Rotation

Position X Euler A., (¥ 0 ¢)
Velocity \ Ang. Vel., w
Mass M Mom. Inertia, I
Momentum P=MV L=lw

Kin. Energy MV2/2 w-lw /2

Eg. of Motion |dP/dt=F dL/dt=N

Free Motion

Linear Motion

Free Rotation
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i 4. Free Rotation

= = Torque-free (vs Keplerian Motion)

= Separation of Ang. Vel. and Angles — Integrable
= Integrals: Energy, T; Ang. Mom., (L, Ly, L,)
= Special Solution

= Rotation Around one of Principal Axes
= General Solution

= A=B: Trig. F., Free Polar Motion & Precession
= A<B: Elliptic F. + Incomplete Elliptic Integrals
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i Special Solution

= AM Axis = one of Principal Axes
= Solution = Uniform Rotation

= Case of C-axis
= Dynamics Part L,=L; =0,Lc =Ca,
= Kinematics Part
W=y, 0=0,¢=a¢ + o,
= After Some Coord. Transf. w7 =6 =0,¢ = @,t
= Stability?
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i Stability of Special Sol.

= Assumption: Other Ang. Vel. Comp. are Small
= Linear Stability Theory: Growth Rate Eval.
L, L, < L. ~L L,, L, oce®
%~—(b—c)LOLB, ‘%u(c_a)LOLA
— 2*=(b-c)(c-a)Ly <0
= Cyclic Change of Indices (A,a — B,b — C,¢)
= Stable: A- or C-axis & Unstable: B-axis
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i A=B<C

Non-trivial Integrals d

- | J o L. =Co,
= C-axis Component of L dt

= A- and B-Comp. of L: Harmonic Oscillation

dL C-A
th :_QLB Q:(a—C)LC =Ta)o

dL,
dt

2
=+0L, (E”)E E 303.438 day
art
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i A=B<C (2)

= View in Body-Fixed CS: L = Slow Precession
L, =L,,cosQt—L;,sint
L, =L,,SInQt + L, cosQt
= Similar Harm Osc. For Ang. Vel. Q

= Free Polar Motion o — ¢, oSOt — w,, Sin Qt

= Euler Motion :
Wy = Wy, SIN Qt + @y, COS (2t

= Earth’s Euler Motion: P~303days
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i A=B<C (3) L, = Gsindsin

=Gsingcos g

= New Z-axis = AM Axis Lc IS G =|L]|

_ 0. =cost| e
¢ =tan” ('—Bj @, — O, =46, =cos (Gj

= Rot. Angle ¢, Inclination 8 -> Precession A. ¢
dy 1 (% dg
dt cosé dt

= Solution: Slow Reverse Rotation + Constant
Inclination + Fast Precession

j—)l// v, +aGt
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Moving and Fixed Cones

= Poinsot’s Expression C

=Geometric View In
Body-Fixed CS
(A=B<C)
= Fixed C.: C-axis
= Moving C.: L-axis
= Modulus: Rot. Axis w

= Moving Cone rolls on
Fixed Cone without slip
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i A<B<C

= EqQ. of Free Rotation (Principal CS +
AM) dL
A=—(b-c)L
dt (b-c)Lele
= Two Conservatives dL,
(Q: Confirm) dt - _(C_a) L.La
2T =al’, +bL2 +cL dig _
G'=L,+L+12 dt

—(a-b)L,Lg
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i A<B<C (2)

= Principal CS + Ang. Vel.

= Parameters of Inertia

o = CAB O,B_A C<O,7/EB_A

>0

= [dentity on Param. Of Inertia (Q: Show)
a+p+y+afy=0
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i A<B<C (3)

= Eqg. of Rotation (Principal CS + Ang. Vel.)

dw,
_ =~ Wy O,
= Two Conservatives dt
Again (Q: Show) do
; > =—fw.o,
2T = Aw; + Ba) + Ca) dt
_ do
G* = A’w. +B*w} +C’wf C =y,
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i A<B<C (4)

= Characteristics (Depend on Initial Cond.)

= Charact. Mom. Inertia _(3_2 A<D<C
2T

= Inverse Charact. Mol g _1 ax=d=xc

= Inverse of Charact. Mol D

= Charact. Ang. Vel. Y 2T

= Relation p, —g ° G
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i A<B<C (5)

» Kirchhoff Transformation
= Using Characteristics

=Time:t—=u y =G f(a-d)(b—c)(t-t,)
= Ang. Mom.: L,, Lg, Lo = X, Yy, Z

Li_[d-c L _[d-c L _[a-d,
G a—cC G b-c G a—cC

= Initial Condition Lg; =0 whent =t,
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i A<B<C (6)

= Transformed Eg. of Motion (Q: Confirm)
= Q: Derive Kirchhoff Transf. s.t. Resulting This Form
dx d dz
— =y, o —k*xy
du du du
= Modul f Elliptic F.: k
odulus of Elliptic 2 =(a—b)(d—c)>

= Jacobi's Elliptic Func. (a-d)(b-c)
X=Cn(U;k), y:sn(u;k), Z:dn(u;k)
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:_L A<B<C (7)
= Low Energy Assumption (b<d — k<1)
= New Z-axis L, = Aw, =Gsindsing =G, /%cn(u;k)

= L axis
L; = Bwy =Gsin 9cos¢=G,/%sn(u;k)

—d
= Polhode Le =Ca, = Geosd =G == dn(uik)
= AM Ellipse  (a—c)L%+(b—c)L2 =(d —c)G?
= AV Ellipse ¢ p)aw? +(C—B)BwE = 2CT ~G?
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i A<B<C (8)

= Solution of Rotation Angle and Inclination
= Wobbling and Slowly-decreasing ¢ (Q: Show)

¢=tan™ (%j =%—am(u; k)—tanl((l_a)sn(w k)en(u; k)J

5 o+(1-o)sn®(u;k)

Va—c

= Oscillating Inclination 8 (Q: Show)

ol ot
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:_L A<B<C (9)

= Precession Angle ¥ : Incompl. El of 3 Kind
= Kinoshita (1992, CMDA)
v I aL,sing+bL, cos.¢5dt

sin @
— a_C .
—z//0+cG(t—t0)+\/(a_d)(b_c)pn(u,n,k)
= Parameter of Elliptic Integral a-b 1-o

98




i A<B<C (10)

= Period of Rotation Angle

4K 4K
P = = _ -1 d-c
v efaabo T e

= Period of Precession Angle (Q: Show)
27

P, =

c+(a-c i . \/HAO(’B;k)
G{ ( ){k2+n (2K)\/(l+n)(k2+n)H
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i 5. Elliptic Functions

= Jacobi’s Elliptic Functions (Jacobi 1829): sn, cn, dn
= “Bible”: Byrd and Friedman (1954)

= sn: Inverse Function of Incomplete Elliptic Integral
of 15t Kind in ds .

Rational Form Y= on \/(1_82)(1_ kzsz) =SSN "X

cn(u;k)= i\/l—sn2 (u;k),dn(u;k) = \/1—k25n2 (u;k)

= Argument: u, Modulus: k
= Usually We Omit Modulus
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i Graphs of Elliptic F.

0.8
0.6

04
0.2
o'
0.2}
0.4 |
-0.6 |
0.8

Jacobi Elliptic Functions: k’\2 0.5

cn |

\/W \/

x\’

\
\ A

1012345678 91011121314151617181920

u
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i Amplitude Function

= Inverse Function of Incomplete Elliptic
Integral of 15t Kind in Trigonometric Form

U= J‘(" d@ _ am_]_@
0 J1-k2sin?@

= Amplitude Function gp=am(u; k)
= Trigonometric Expr. of Elliptic Functions

snuU =sin @, cNU = cos ¢, dnu = \/1— k*sin®g
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i Modulus

= Modulus: k
= But, m=k?is more suitable
= Clear from Definition of Incomplete ElI
= Complimentary Modulus
k' =k, =v1-Kk?
= Caution: Expression of k or m
sn(u|m)=sn(u;k), etc.
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i Formulas

= TWo ldentities
sn‘u+cn‘u =1, dn‘u+k?sn’u=1

= Special Modulus
= k=0 shu,cnu,dnu —sinu,cosu,l1

= k=1 snu,cnu,dnu — tanhu, sechu,sechu
= Special Argument: u=K/2

= K(k) is Complete 1 K
El of 15t Kind (S”“’C”“’d“”):(m’\/uk’ﬁj
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i Notation

= Guderman Notation
= Sine Amplitude=sn, Cosine Amplitude=cn
= Delta Amplitude=dn, dn(u;k)=A (@)

= Glaisher (fraction) notation
= p,g,r = one of (s,c,d,n) pa(uk) = pr(u;k)

= Examples ar (u;k)
nd(u;k)= an (UK ,sd(u;k)= Z:((Et)) ,cs(u;k)= z:gs::;
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i Inverse Function

= Base: 2-Argument Inverse Elliptic Function
x=ren(u;k),y=rsn(u;k) > u=atn2(y,xk)
= Using Incomplete El of 15t Kind in Trig. Form
atn2(y, x;k) = F(atanZ(y,x);k)

= General Expression of Amplitude Function

am(u;k) = 27{4Ku(k)Luss +atan2(sn (u;k),cn(u;k))
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i Reciprocal Transf.

= Reduction of Modulus’ Domain
= Reciprocal & Imaginary Transf. — O<k<1
= Gauss & Landen Transf. — k—~0 or k~1
= Reciprocal SN (u; k) — k%sn (ku; k‘l)

Transformation .
coltoker  CN(usk)=dn(ku;k™)

k — k™ dn(u;k)=cn(ku;k‘1)
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i Imaginary Transf.

= [maginary en (u;k) = cn(l], k~)
Transformation dn (l]; k)

= Pure Imaginary =
k to Real k V1-k®sn

. /_2 dn(;
Kk—>k= k2 (
1-k 1

U— 0 =1-k2u dn(G;IZ)
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i Landen’s Transf.

= (Ascending) Landen’s Transformation

= Closerto 1 (1+W)sn(ﬁ; )cn(U; I?)

B 2\/E cn(u;k) =

K—>k=——
1+k 1—(1+\/1—7)an 0;k )

u sn(u;k)=

1++/1-k?

u—u

If

o

>
—

| &
~|
S~
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Gauss’ Transformation
cn(u k)dn(u k)

= = Descending

s Tt i
- k2 ‘ sn(u;k) = (1+k)sn( )
k_)kE(1+\/1_7j 1+ksn( )
gl dn(u k)—l ksh? (u k)

1+ k 1+ksn’ ( )
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iJacobi’s Nome, Q

= Useful in Fast Computation
= Def.: K, and its Compliment, K’

qzexp( j:i(1+ 22" +152° +1504" +---)

—7K

= ¢ is small when k2<1/2 | Si —>q<e” ~0.0432
= k2>1/2 -> Dual Transf. V2

= Expansion ;_ k* K
21k’1\/?2 16k=1_k
Factor (+ ) +
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iNome Expression

= Fraction Expr. Using Nome (Fast Computation)
= After Reduction to Basic Domain: 0<k?<1/2
sn(u;k) = P, cn(uk)= VK ey, ,dn(u;k)= Ky,
Yn Yn Yn
zu _zg/a 1+2(q+q4+q9+---)
2K(K) PR T et
= Q: Draw Graphs of 8 & k as Function of q
= Normalized Elliptic Theta Functions: y(Q)

S=sinvy,C=CoSV,Vv =
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f.h g-Exp. of y-Functions

= Normalized Theta Function: Rapidly Converge
y,=1-C,q°+C,q° - C,q" +---
y. =1+S,0° +5.,9° +S.q" +---
y, =1+ 2(T2q +T,9" +T,9° +)
Y, =1-2(T,0-T,q* +T,q" +---)
= Coefficients (= Chebychef Polynomials)

= Recursively _sin(n+1)v e _
Computable " siny " cosv

T, =cos(nv)

n
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f.h Fourier Expansion

= Not-so- rapid convergence as g-expansion

o0 n+1/2

sn(u;k)= Z 2n+1sm (2n+1)v
3 27[ © qn+1/2
cn(u;k)= kK(k)nZ::;1+q2 —cos(2n+1) o
2T & f ZK(k)

>
Il
iR
5
[N
+ N
o]
~—
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i Numerical Computation

m Gauss’ Arithmetic-Geometric-Mean (AGM)
. _ _ a, +b
Common Conv. of Two Var a =40y :\/ﬁ

= Landen’s Transf. of Ampl. F. " 2

I :
Upg = n ;_Vn WV =AUV, @O = el ékn Sm(ﬂn) Vin = ann
= Algorithm (Q: Write a Computer Code)

= Start (u;=u,v,=ku) and Repeat Transf. while Save k=v;/u;

= After Convergence: u,=v,, i.e. k,=1, then ¢ =u,

= Start (¢ ) and Repeat Reverse Transf. up to ¢, using k;

= Details: Numerical Recipe, 2" Ed.
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Incomplete Elliptic
i Integrals

= Jacobi (1850) Indefinite Integral of quartic

rational I
e Kind \/1 s?)(1-k?s?)
m 2nd Kind
kzs2
= 37 Kind: Parameter n =-Q°
l‘I(x;n,k)sj.X L5

" (14 nsz)\/(l— s?)(1-k*s?)
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i Incomplete El (2)

Incomplete Elllptlc Integrals n=0.5, k"2=0.5

35| ] F(x k)

37 _— PI(Xx,n,K) |
2.5 [ ///
5l E(xK) |

1.5}
1r
05}

0

012345678 91011121314151617181920
X
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i Incomplete El (3)

= Trigonometric Representation (Legendre)
= Most Popular, Note: Difference in Argument

s 15t Kind o do
F(p:k)=
(0:K) 0 [1-K?sin%@
= 2" Kind E(gik) = 0 €0S°0dé
’ o 1-Kk2sin2 6
= 3 Kind do
H(go;n,k)zjo¢

(1+ nsin? 0)\/1— k?sin?@
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iln

complete EI (4)

24

Incomplete Elliptic Integrals: n=0.5, k"2=0.5

22 |
20 |
18|
16 |
14 ¢
12 ¢
10|

F(phi,k) |

e

-
e

g \Pl(phi,n,k) |

// E(phi,K)

ONP~OO®

2 4 6 8 10 12 14 16 18 20
phi
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i Incomplete El (5)

= Elliptic Function Expression (Jacobi)
= Note: Difference in Argument
= Introducing New Symbols: en, pn

= 15tKind F(u;k)=u
m an Kind

E (u;k) = J'Ou cn®(v;k)dv =en(u;k)

= 3" Kind _ u dv _
H(u,n,k)s_[o 1+nsn?(v;k) =pn(uin.k)
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i Incomplete El (6)

18

16 ¢
14 |
12
10|

Jacobi Elliptic Functions: n=0.5, k"2=0.5

O N M OO O

am(u&/
/////
/// “pn(u,n,k)
// ” en(u,k)

2 4 6 8 10 12 14 16 18 20
u
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i Incomplete EI (7)

Z

~

= Another Expr. Of Incomplete El of 2"d Kind
K(k)

E(u;k)z[m]u+z(u;k)

= Jacobi’s Zeta F. = Periodic Part of E(u;K)
(u;k) =zn(u;k)

V3 20 sin 2v —4q* sin 4v +9q° sin 6v VEZK(k)
(k)

K 1-2qcos2v+2q° cos4v —2q° cos 6v
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Incomplete El (8)

= Special Case

. k=0 - _tan‘l(\/1+ntangp)
(¢in,0)=
E(¢;0)=F(¢;0)=9¢ J1+n
K=l E(pi1)=sing F(¢;1)=In[1+8|n¢j
CoS @
oy 1 A 1, 1-sing
e I (g;n1)= n+1{ntan (nsm(p)+2log 1+sin¢}
1 k?sinpcos g
I (p;—k?, k) =——| E(@;k)-
lpiik) 1—k2[ (e JH—J
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i Partial by Argument

= Partial Derivative w.r.t. Argument, u (Q: Show)
= Fixing Modulus, k, and Parameter, n

osn(u;k) _ g dam(u; k) ~

ou ou
aen (u;k) _ enudn oen (u;k) ey

ou ou
adn(U;k)z—kzsnucnu opn(u;n,k) 1

ou ou T+ nsn”(u; k)
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i Partial by Modulus

= Partial Derivative w.r.t. m=k? (Q: Show)

asn(u|m)zcn(u|m)aam(u|m)
om om
acn(ulm)z_sn(ulm)aam(u|m)
om om
adn(u|m) —sn(u|m) dam(u|m)
pn _Zdn(ulm)[sn(u|m)+2cn(u|m) pn
aama(rlTJ]lm)zdn(ulm){pn(u;—znr:m)—u}

}
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:_L Partial by Parameter

= Partial Derivatives w.r.t. m or n (Q: Show)
den(ulm) en(u|m)-u
om  2m
opn(u;n|m) E{Mpn(u;—m|m)—pn(u;n|m)}

om :2 m+n

opn(u;n|m) 1 {pn(u;n|m)—u+1—m

on :2(1+n) n m+n

sn(u|m)cn(u|m) ]

+{1+ nsnz(u|m)}dn(u|m)

pn(u;—m|m)
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Numerical Evaluation
:_L of Incomplete El

= Numer. Evaluation of General Incomplete El

(Fukushima and Ishizaki 1994b, CMDA)

? 2 A 2
G((p;nc,mc,a,b)zj acos” @ +bsin” g 40

2 (cos” 6+ n, sin? @) Jcos” @+ m, sin” @

= Basic Expression Formulas (Q: Confirm)
/1F((p;k)+,uE(go;k):G(go;l,l—k2,2.+,u,/1+,u(l—k2))

AF (@iK)+ a1 (9in, k) =G (@;1+n,1-K?*, A+ 1, A(1+n)+ p)
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:_L General Elliptic F.

= Elliptic F. based on General Incomplete El
gn(u;n|m,a,b)=G(am(u|m);1+n,1-m,a,b)

= Basic Expression Formulas
Au+ pen(ulm)=gn(u;L1-m, A+, A+ u(1-m))
Au+ gpn(uin|m)=gn(u;1+n,1-m, A+, A(1+n)+ u)

= Application No.1: (Q: Confirm)

K K
zn(ulm)=gn|u;l1-ml-——,1-m-——
(vIm)=on < 2-m-%)
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:_L Application of General EF

= Application No.2 (Q: Confirm)
= Needed in Partial Computations

(I-m)u—en(u|m)

=gn(u;1,1-m,1,0)

u—pn(u;n|m)
n

=gn(u;1+n,1-m,0,1)

pn(u;—m|m)—u

fn(u|m)= ~

=gn(u;1-m,1-m,0,1)
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Complete EI

o Complete El = Definite Integral

= 1St Kind g I
\/1— (1K)
m 2nd Kind
- o 1—k2x2 .
m 3rd Kind

e ds
I1(n,k)=TI(Ln,k) jo(1+n32)\/(1—82)(1_k232)
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i Complete EI (2)

= Another Expr. Of Complete El of 3" Kind (n>0)
2 :
H(n,k):k K(k)+(£ \/ﬁAo(ﬁ’k) 1\/ﬁ

=ftan  —
k?+n P

2)\/(1+ n)(k2 +n) k
= Heuman’'s Lambda Function

Ao(BiK) == [{E(K) =K ()} F (£:K')+ K (K)E(B:K)
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i Complete EI (3)

= (Real) Period of Elliptic Functions: 4K
= K(0O)=m/2, K(1)=00
= Complimentary Relations
K'(K)=K(K)EK)=EK) K=k
= Omitting Modulus k Frequently: K,K',E,E'
= Legendre’s Relation

A, (%,k}zl—) EK' + E'K—KK'=%
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i Dual Transformation

= = Complimentary Transf. = Prime Transf.

k >k'=+1-k* m-o>m=1l-m
» 0<k?<1/2 — 1/2<k?<1
= Complete Elliptic Integrals K,E — K', E’

= Nome ( 7 j
q—> Q' =exp
log g
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i Complete EI (2)

Complete Elllptlc Integrals n=0.5

2E(K)/pi

2K (k)/pi

/

e

k

0 01 02 03 04 05 06 07 08 09 1
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Numerical Evaluation
:_L of Complete EI

= Inefficient: Calling Routines of Incomplete El
= Standard: Using AGM (Numerical Recipe, etc)
= Practical: Modulus Transf. + g-Expansion

= Ex: k?<1/2

= 15t Kind 4,00\
K(k)=27z 1+2q9" +
1+\/?

= 2nd Kind ) 272 q_4q4 _|_9q9_...
£ (- (0| 2

1-2(q-q*+q° )
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i Small Modulus

= Earth/Moon: m~0 k., ~3x107°k,,...
= Enough for 15t Order Exp. w.r.t. m

=" k=1-0 k=Z(1,M) EZ (1ﬂj
2 2 2

~5x107°

16 2 2

m 5 ; m .,
snu = 1+ZCOS u(sinv chu = 1—Zsm U |cosvVv

: m
dnu =1—gsm2 u ZNnu = %sin 2U enu = (1+E)u +znu
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i 6. Forced Rotation

= Under Torque
= Ex: Earth Precession/Nutation, Moon’s Rotation
= Strength of Perturbation
= Comparison of Rot. Energy vs Torque
= Unperturbed State
= Simplification: A=B<C, C-A«C
= Uniform Rotation around C-axis
= Type of Perturbation
= Figure Axis Motion, Variation of Rot. Speed
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i Torgue Expression

= In Inertial CS: Complicated (Q: Confirm)

3u 2 .2
Ny :?[rxrvlzx — Ny +(rY —I; )IYZ +L1; (Izz - Iw)]

= Cyclic Change of Indices(X—Y—2Z)
= Moment-of-Inertia Components

e = Alen)y (ea), +B(es), (ea ), +C(ec), (ec),
I=Ae,®e, +Be, ®e, +Ce. e,
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+

orque Expression (2)

= In Principal CS: Plain

N, . ((C-B)rr. )
N, :(r_élj (A-C)r.r,
(Ne (B=A)rly
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i Torque Magnitude

= Dim. Of Torque = Energy

= Ratio of Rotational Energy and Torque
= Earth: Tiny

3(C. — :
Ne (Ce ZAE) /135 +’u3'\’I sin2&. =1.680x10""
Te Ceo e Tve
= Moon: Small &, =1°32'33"

Ny zs(CM _ZAM) 'L;E sin 2¢,, ~9.91x107°
Ty Cy oy Iewm
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i A=B<C

= N.=0 — Integral Exists d_LC:o_> L. =G,

= C-comp. of Ang. Mom. dt
= Torque 3/1(C _ A) I
N= : X e,
r
m Poisson Approximation
L,.=L.=0—>L=L.e
A B LC C deC N

= Eqg. of Motion of ¢, 0 i G
0
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i A=B<C (2)

= EQ. of Rotation in Inertial CS

sin@siny . singsiny N,
e.=| —sindcosy Goa —sin@dcosy [=| N,
cosé cosé N

z

= EQ. of Euler Angles in Poisson Approx.
= Z-comp. of Torque dy _ Ny cosy +N, siny

Unnecessary (Why?) G, sin@
d@ _ Ny siny —N, cosy

d¢ dy
—— =, —| —— |c0sO
at Wc [ dt) dt G, cosd
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i A—~B<C

= Laplacian Approximation
= Ignore (A-B)/C in case of A<B<C

N = 3u(2C—-A-B)r,

= rxe.

= Dyn. Flattening, H + Poisson Approx.
C-A 2C—-A-B
— > H=
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i Planar Circular Motion

= Pert. Body = Circular Orbit on XY Plane
= EX: Sun’s Pert. On Earth Rotation
= L: Helioc. Long. of Earth 1. =r-e. =Tsin@sin(L-y)

cosL —cosésin L
r=-r|sinL rxe. =T| cos@cosL
0 singcos(L—y)

= Torque in Inertial CS (Circular Approx.)

(A -2
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i Precession Solution

= EQ. of Prec. Angle + Inclination (Circular)

dy
e —xc0sf|1-cos2(L-y)| x=

dt
= 15t Approx.: Precession 0(1) (t)
= Precession Const. P = K COS 6,
= Initial Cond. (Earth) w,=0,0,=—¢, <0

3,u(C — A)
2C ., T°

40 _ —Kksin@sin2(L—y) ,//(1) (t) =, — pt
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i Luni-solar Precession

= Earth o, =6.30039 rad/day C. - A

~3.28474x107°

cose, ~ 0.917482 Ce
Moon
- £ z( My jnj ~6.31786x10™* (rad/day )’
Moy Mc+M,,
= Sun y7a

£S5~ n? = 2.95908x10 (rad/day)’

— 3
rSE

= Luni-solar Prec.: Crude Estimate x~37.2229"/jy
p~(x+x")cose, ~50.1467" [jy K’ =17.4340" jy
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i Short Period Nutation

= 2" Approx. = Main Short Period Nutation
v () =y, - pt+6%y 6% (1)=6,+5%6

5%y = N,, cosd, sin 2(L—c,u(1))

529 =N,, sing, cosZ(L—://(l))

K o_dL
2(nL+p) St

N2L =
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i Elliptic Orbit

= Pert. Body: Elliptic Orbit in XY Plane
= Mean Orb. Long. L Mean Anomaly /
= Pericenter Long. @=L -/
= Semi-major Axis @ Eccentricity €

= Ignoring 2nd and Higher Order of e

ry =a(cos L+§cos(L+£)—3?ecoswj r; =0

r, :a(sin L+%sin(L+£)—3§sinw] r= a(l—eCOSf)
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i Elliptic Orbit (2)

. =r-e; =-asin G{Sin(L—:,u)+%sin(L—://+€)—3—zesin(w—w)

COS Q[Sin L +§sin ( L +£) —3—2esin w}

rxe.=a —cos@[cos L+%COS(L+£)—3—2eCOSw}

—sin 9|:COS(L—W)+%COS(L—R//+€)—3—2eCOS(ZU—l//)}
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i Elliptic Orbit (3)

= Torque in Inertial CS (Elliptic Approx.)

) e . 3e .
sinL+—sin(L+/)——sSIna@
(ij 2 Lt 2

—CO0S L—%cos(L+f)+3—;c03w

N, =— 3u(C=4) sin26(1+5ecos ()
0 2a

x[sin(L—W)+%sin(L—yx+5)—3—;sin(w—z//)}
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i Elliptic Orbit (4)

= EQ. of Prec. Angle and Inclination (Elliptic)

c:}l—"’tj=—zccosé?[l—cos2(L—z//)+3ecos£

_%COS(ZL—ZW+€)+§COS(2L—2;//—f)}

C(’j—fz —KSin O{Sin 2(L—1,//)+%Sin(2L—21,//+£)

—%Sin(ZL—Zl//—E)}
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i Elliptic Terms

= Additional 2" Approx. Sol. (Elliptic Terms)
= Moon: 1 month, 10 days, 15 days
52(2)z//=—cosﬁo[Nésin€—NZLMsin(ZL—ZW(l)+£)+ NZL_ésin(ZL—ZW(”—fﬂ
590 =sing, [NM cos(2L-2y™ +£)-N,,_, cos(2L -2y —z)}

3xe Txe Ke

N, =25 N,,, = N, =
Ton, U 2(2n +2p+n,)” T 2(2n +2p-n,)
: : : : = d/
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i Rotation Angle

= Eqg. of Rot. Angle a9 _ W, —(d—chosé’
= 15t Approx.: Unif. Rot. dt ol
1
¢()(t):¢o+a)0t W, = Wy + P COS b,

= 2" Approx.: Variation due to Nutation
= = Difference between GAST and GMST

89 (1) =g, + oyt + Ap 6p=—(Ay)cosé,
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i Introduction of UT1

» UT1 = Modified Rotation Angle of Earth

UTlsJ'det:¢—_[cosH(d—"”jdt

dt

= Assumptions: 1) Rigid Earth, 2) A=B,
3) Torque induced by External Mass points

= Important Conclusion UT1= ot

= UT1 is A Realization of Newton’s Absolute Time
Independently on Perturbations
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i Departure point

= Newcomb’s Departure Point
= = Guinot's Non Rotating Origin (NRO)
= Definition

= Point D on Equator (= AB Plane) of Principal CS
such that UT1 = Arc Length of DA

UT1=DA =DN+NA
WA\\=¢, bﬂzjcosedw
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i Inclined Orbit

. . r
= Pert. Body in Inertial CS X
= Origin=Rotating Body’'s Barycenter r=\K

= Coordinates Expression I

I. =r-e. =, sindsiny —r, sindcosy +r, coséd
I, COS+1, sin dcosy

rxe. =| —I, COSO+T,sin@siny
—r, sindcosy —r, sin@siny
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i Inclined Orbit (2)

= Torque in Inertial CS (Inclined Orbit)
3(C-A)
+I T, (cosZH—sinzecoszyx)+(r§—rf)sin@cos@cosw]

N

[ 1K, sin@cos@siny + 1y, sin® Gsiny cosy

_ —-3u(C—-A)

N
Y 5

[rx I, sin @cos @ cosy — I, 1, sin® @siny cosy

2

~ryt, (cos 0 —sin” Gcos® y ) + (17 — 1 )sin cos Osiny |
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i Inclined Orbit (3)

= EQ. of Precession/Inclination (Poisson Approx.)
= Q: Show

dy 3u(C-A) : (coszej
= r.r, cos@sin2y +r,r,| —— |Cc0oS
d  Car® |7 N2 sing v

cos26 ) . :
—rxrz(Sin jsmy/—r)fcosesmzz,//—rfcosé?coszc,yﬂzzcose}

do _ 3u(C-A)

R [-1y K, sin@cos 2y —r,r, cosOsiny
N

+1, T, COSOCOsy + (1 —17 )sin esin:,ycosv/]
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i Inclined Circular Orbit

= Inclined but Circular Orbit ¥ =T
= EX.: Moon in Earth Rotation
= Constant Orbital Inclination I =1,
= Slowly Moving Ascending Node Q= +n,t
= Argument of Latitude F=L-Q

= Pert. Body’s Position in Inertial CS (Q: Show)

Iy cos F cosQ—sin F cos | sinQ
r=|r, |=7|cosFsinQ+sinF coslcosQ
r, sin Fsin |
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i Corrected Precession

= Approx. 1: Zero Prec. Angle, Const. Inclination

= Approx. 2: Removing Short-Period Terms by
Averaging Method

: 2
dv = K C0S 6, —(1—§sinzloj+8m2|° cos Q@+ 1o co590)
dt 2 tan 26, 2

- - 2
4o =—Kk COS 6, Slr]2|°sin£2+tangOSIn I°sin2£2
dt 2 2

s Prec. Const. Correction

p = xCoSH, (1—%sin2 Ioj
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i Averaging Method

= = Removal of Short-Periodic Terms
= Meaning: Medium-scale Time Average
= Step 1: Fourier Expansion w.r.t. Fast Angles
= Step 2: Trig. F. of Fast Angles =0
(sin jF)=0 (cos jF)=0 when j=0
= EX.: F = Fast Angle
T2sin®1,cos 6,

(7 cos@) = (T?sin® Fsin® | cos ) = >
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i Long Period Nutation

= Assuming Const. Speed of Ascending Node
= Note: Clockwise Motion N, <0
: 02
_ kC0s6, | sin2l, sinQy 4 SN l,
n, | tan2dg,

AWy sin ZQ}

AYg

- L2
_ KC0S6, {sm 2l sy BNGSIn° 1, cosZQ}
nQ

= Long Period = Large Amplitude
= So-called Nutation: 18.6y
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i Luni-solar Precession (2)

= Note: Negative W = —l//(l) =pt, €= —oY = &
= Moon (without prime), Sun (with prime)
= Obliquity &, ~84381", cose, ~0.917482, sing, ~0.397777
= Orbit Inclination 1, ~18467", sin 1, ~0.089411
= Estimate of Luni-solar Precession

K COS &, (1—%sin2 Ioj ~ 33.7418"/jy

p~49.7372")y
k' C0S &, ~15.9954" /)y

163




i Long P. Nutation (2)

= Note: Negative Ay = —A(l)w, Ae =-AY0
= Moon’s Effect Only

Ay = E05 sin 21 sinQ+Sin2 | 00
Ing| tan 2¢, 4

_ zccosfeo{sin 21 Q_tangos.inzl
iy

A&

COS ZQ}
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Long P. Nutation (3)

= Speed of Nodal Motion xcosg,
N, ~—6.96289x10""/jy Ing|

= Amplitude of LP Nutation (Q: Confirm)

_ i KCOS&, (sin2l
Ve = zccose(,£5m2l J=—17.202" £y = 0( 5 J:9.184"

~103.130"

Voo

In,| ( tan2e, fnal
) .7
_ Kcosg [ sin’ | 0.206" ., = KOO8, tang,sin’ 1) _ o oo
Ing| 4 iy .

= SUMMary Ay = -17.202"sinQ + 0.206"sin 20
Ag =+9.184"sin Q—0.089"sin 20
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i Short Period Nutation

= Simplification of Expression
« L—L+ ¢ : Adding Precession A. To Mean Long.
= = Measuring Longitude from Moving Equinox

Sy =c0s&,[ —Ny sin2L+ N, sin =N, sin(2L+ )+ N, _, sin(2L—-¢)
—N, sin2L"+ N, sin ' =N, sin(2L"+¢')+ N, _, sin(2L' - ¢') |

e =singy[ N, cos2L+ N, cos(2L+¢)~ N, _, cos(2L—¢)
+N,; €052L"+ Ny, c0s (2L + ') = N, cos (2L’ ') ]
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i Short P. Nutation (2)

= Constants (Moon=Unprimed, Sun=Primed)

n, ~1.718x107"ly n, ~1.296x10°"/y e, ~0.0549,e, ~0.0167

= Amplitude K 3xe 7xe

N2L:_'N€:—’N2L+€:— N i

Coefficient 2n, n, 6n, "
= Numerical Evaluation (Q: Confirm)
N, ~0.228",N, ~0.075",N, ., ~0.029",N,,_, ~0.013"
N, ~1.383",N, ~0.139",N,,.., ~0.054",N,,._, ~0.023"

K€
2n,
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i Short P. Nutation (3)

= Summary (Q: Compare with Latest Theory)
Sy =-1.269"sin 2L'—0.209"sin 2L +0.128"sin ¢’

+0.069"sin £—0.050"sin (2L"+ ¢')—0.027"sin (2L + )
+0.021"sin (2L’ — ¢')+0.012"sin (2L — /)

8¢ =0.550"cos 2L"+0.091"cos 2L +0.021"cos(2L"+ ¢')
+0.012"cos (2L + ¢)—0.009"cos (2L" - (')

—0.005"cos (2L —¢)
= Analytical Dynamics is Needed for Detailed Eval.
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i A<B<C

= Analytical Treatment is Quite Difficult

= Post-Poisson Approx. @,, Wy <K @
= Eq. of Rotation for Tidal Torque

. (@,

dt

(awgw,

Pa.o,

\Yc )

0 y

(ar,r, )

Prcra

\VTals )
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i Cassinl Approximation

= Pert. Body: Inclined Circular Orbit Again
= Cassini’'s Laws Hold (Ex.: Moon)
(W)=Q, (0)=-6,, (p+y)=L+x
= Assuming Small Inclination: | and 6
= Approx. Expr. (r, 1
(Q: Show) r, |=7|0
F=L-Q I —(G,+1)sinF
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i Cassini Approx. (2)

= Approximated Eq. of Rotation

d

dt

/wA\

Wy

\Yc )

+ W

\
aw;

po,

0

= An Integral Exists
= C-axis Comp. of Angular Velocity W, =N
L

= Mean Orbital Longitude Motion

_3upB(6,+1)

F3

(0 \
sin F
0
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i Cassini Approx. (3)

= A- & B-Comp.: Eq. of Forced Oscillation

d (o, on [ 29 | w 0_ Wy = 386, +1)
dt\ o Po, sin F T

= Special Solution (Q: Confirm)
N W (an sinF Ne =N y-aff <n
w; ) n2-n2l-n.cosF nFEO(']I_';:nL—nQ>nL

= Q: Obtain General Sol. including Free Osc.
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i Cassini Approx. (4)
= Approx. Solution of Euler Angles
){(nF _“nL)(t_tO)_(%]Sin ZF}

Ne

=y, +
e 20, (nZ —ng

W Ng +an,
2(nz —né)( 2n,
p=L+7m—y

= Satisfying Two Consistency Conditions

<‘9>=_‘90’ <¢+W>= L+

0=-0,+

]cosZF
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i Cassini Approx. (5)

= Last Consistency Condition <W> =0
= Determination of Mean Inclination
d n _ _
W o, 5= g Oeen)
dt (—nQ)—n, 2r (nF_nE)
= Moon: (Q: Compare with Eckhardt(1981))
n, ~-6.963x10*"/jy, n. ~1.7395x10""/jy, n,_ ~1.7325x10""/jy

a, =3.99x10*, B, =-6.32x10", n. =8.70x10°°

ulT°~n n ~1648x10*"jy | ~18467"  ..6, ~5527"
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i Post-Cassini Approx.

= Extension of Cassini Approximation
() =Q,(0)==6,,(4)=(v)+7
= Argument of Latitude v=w +f, True Anomaly f
= Assuming Small Orb. Incl. I, and Incl. 6
= Circular Orbit r 1
= Approx. Expr.

I |=*F|y+9—(V+Q+7)
(Q: Show)

e —(1-0)sinv
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i Post-Cassini Approx. (2)

= Approximate Equation of Rotation

, aw, 0
d w, |+o.| P, :?ri—’l: B(1-06)sinv

dt
ac 0 y(V+Q+ 7 -y —9)
s 0 ~0 — C-axis Comp.: Forced Oscillation
d*(y +¢)

3
- +ne (W +¢)=na (V+Q+7) n, = ‘/%
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i Post-Cassini Approx. (3)

= Libration in Longitude (=Diff. from L)
= Optical (=Apparent) Libr. v+Q—-L
= Physical (=Real) Libr. T=y+¢p-L-7x
= EqQ. of Forced Oscillation (Q: Show)
= Angular Velocity of Free Oscillation: n;
= RHS is derived from Orbital Theory

—+npr=n; (V+Q-L)= PZH sin(nt+g,)
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i Post-Cassini Approx. (4)

= Solution of Physical Libration in Long.
= Suffix P = Physical

= Q: Derive
2

T=1,+7,8INN, (t—to)+Zn—F’2 H, sin(nt+o,)

k n§ — N,
= Solution of C-axis Comp. of Ang. Vel.
nn

2
P
P _H, cos(nkt+gok)

@ =N +NpTp COSN, (t—1))+ )
k
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i Post-Cassini Approx. (5)

= A-,B-Axis Comp.: 6 ~— 6 ,—Forced Osc.
d( o, (010 0
dt L o, N Bo, )| 2 dsin(nt+a)

= General Solution (Q: Confirm)
= Ang. Vel. of Free Polar Motion Nz =n_\/—af

0y J-Bsinng (t-t,) | % n¢—nz | -n, cos(nt+g,)
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