A Treatise on
Rotation of Celestial
* Bodies. Part |1l

Toshio FUKUSHIMA
National Astron. Obs. Japan (NAOJ) and
Graduate Univ. Advanced Studies (GUAS)

2005




i Index (0-6 in Part I)

= 0. Summary = 7. Analytical Dynamics
= 1. Rigid Body of Rotation
= 2. Mathematics of = 8. Numerical

Rotation Integration of Rotation

3. Physics of Rotation = 9. Non-rigid Effects

4. Free Rotation 10. Applications

5. Elliptic Functions 11. Relativistic Effect

6. Forced Rotation " 2L REIAtVISHE ETECLS
= 12. References




/. Analytical Dynamics of
i Rotation

= Two Formalism: Lagrangian vs Hamiltonian
= Generalized Coordinates q=(y,0,4)" 494

= Lagrangian dt
= T: Kinetic Energy  £(4,9,2)=7(q.9)-U(q,?)
= U: Potential Energy, V=—U: Force Function

= Lagrangian Eq. of Motion: Generalized Force F
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Angular Velocity and
i Time Variation of Angle

= Ang. Vel. w, Time. Var. of Gen. Coord. q

@, =y sin@sing+0cosd,w, =y sinBcosg—Osin g, w. =y coso + @
= Matrix Expression ¢y = Q(q)q

®,) (sinfsing cosg 0(¥)

w, |=|sinfcosg -sing 0] 6

@, cos & 0 1 \¢5




Definition of Kinetic
iEnergy

= Kinetic Energy
2T = al’, + bL, +cL;. = Aw’, + Bw, + Cw;.
= Expr. By Gen. Coord. g and its Time Var. g
2T (q.q)=0'Io=q'K(q)q
m Coefficient Matrix
= Caution: Depends on Generalized Coordinates

K(q)=Q(q) 1Q(q)




Expression of Kinetic
i Energy

= Expression of Coefficient Matrix (Q: Show)

K, K, Ccosé
K=| K K, 0
C

o

Cccosd O

2C—(A+B — .
KW:C—[ s )}sinze—(A Bjsm26?0032¢
2 2

K, =[A;B)sin fsin2¢, K, =[A;Bj+(A;B)cosz¢




I.L Angle Partial Deriv. of T

BRG]
= Vector Expr. of Angle Part. D.\ 2q J, aq

= PD by Prec. Angle=0 or
= Q: Answer Physical Meaning @ ;

PD '
o .by Rotation Angle K, , K,, O
=0 if A=B 8_K = K K 0
_ a¢ wo,¢ 00,
= Q: Why? vo | Q 0 0
K, ,= (A-B)sin’0sin2¢4, K ,, =(A4—B)sin@cos24,

Ky, =—(A4-B)sin2¢




iAngIe Part. D. of T (2)

= Partial Derivative by Inclination Angle

K K, , Ky, —Csing
(%j =5 Ky/H,H O O
v¢ | —Csin@ 0 0

2C-A+B) . A-B) .
Kw,e:( i jsmze—( i )sm2¢9c032¢

A-B :
KWﬁ:( > jcosesm2¢




i Expr. of Force Function

= V=-U depends on Basis Matrix of Principal CS
V=V(e,e,e.)
= Ex.: 2" Order Tidal FF by External Masspoint

V2=%[(A+B—2C)né+(B—A)(nj—né)]

r
n,=n-e,n,=N-€,, 0. =N-€.,N=—




Expansion of V

= EX.: Grav. Tidal FF by External Masspoints

|'0(X) d°x =V, +V, +V, +-- Vozﬂ
r—x| -

V=uf

= O™ Order: Indep. On Orientation % =0
= 15t Order =0: Barycenter Def. (7| [cosfcos4
r, |=r| cospsinA
= 2"d Order: Expr. By A, B, C sin 3
= MacCullagh’s Formula (Q: Derive)
3x? -1

u|(A+B : B—A4) ,,. B(x)=2=
=3 -C|h P, 2 2
K 2 jZ(S'”ﬁ )+( 4 jZ(S'”ﬂ Joos }P;(x):s(l-xz)

e
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Angle PD Formula of V

= PD by Arbitrary Angle 9V _ 5 [aej J( an
op ;Tsc\ 09 )\ Oe,

= Applying Vector Exp. of Inf. Rot.  de;
= PD of Basis = Vec. Prod. w Rot. Axis d¢p  °

= Relation w Torque 6—V=—e¢,-N N Y eJx(a_V
= Gen. Def. Torque 09 same 06y

= When V is a function of Principal CS Comp. of r

V=V(r,rr)>N=-rxF p_
or

=e, xe,

|
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i Torque and PD of V

= Expression in Principal CS (Q: Derive)

__[or 4
N, = (aejw 0S¢ — (/Jsm;/ﬁ
N, = (Z—ZJW Ing— ( Vjcos¢

(8], ) (5],
© \og),, oa sino|lov),, \os),

12




i Torgue and PD of V (2)

= Expression in Inertial CS (Q: Derive)

N :_(a_Vj ov__1
‘ oV )y dp sind
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iLagrangian Eqg. of Motion

= Rewriting Lagrangian Equation of Motion

K 2
d(—q):Kd_q_FqT(a_Kj q:qu[a_Kj q+[a_Vj +F
q q q

dt dt’ oq 2\ oq oq
= Transform into 2"d Order Ordinary Diff. Eq.
- (%) (2) (912 -
dt 2\dt) \oq )\ dt) (oq),
= A<B: Complexity due to Non-Diagonal K
= From Lagrangian to Hamiltonian Formalism
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i Lagrangian EoM (A=B)

= Assuming Rot. Angle Comp. of GF =0 £ =0

= — Conserv. C-Comp. of AV (d¢ (dl//}
- : O =| — |+| —— |cosé
= Eq. of Motion (Q: Derive) dt dt

2
d g/2/: .1 dﬁj Ca)c_z(d(//jcose . -12 oV _F
dt sing\ dt )| 4 dt Asin“0|\ oy ),,

2
dt dt )| 4 dt A|\a0),,

d_ D¢ —(d—"”jcose
dt dt
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i Poisson Approx. EoM

: d2 2
= Poisson Approx. id

= Ignore Small Quant.

= Q: Explain its dy 1 ov
Physical Meaning dt j — I
v.9

dy||dE| |dyw
dt || dt || dt

= Approximated Eq.
of Motion do -1 [

= Q: Derive dt  Ca,sind
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iGeneralized Momentum

= Definition oL, oT dq
=| — = | —— :K -
’ (aql (aql (dtj

= Be Careful when I=1(dg/dt) as Non-rigid Body
= Generalized Momentum w.r.t. Euler Angles
P, K,y +K,,0+(Ccosd)s
P=| Py |= Kl//ﬁl/)-i_Kﬁ&é
Ps) |(CcosO)y +Cé
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i Gen. Momentum (2)

= Expression of Angular Momentum
L, p,COSd+ p,sing
L, |=|—-p,Sing+p,cos¢ | p,
L.) \ p,
= Kinetic Energy: Still Complicated (Q: Show)
AT = 2cp§ +(a+b)(p§ +p§)
+(a—b)|:(p§—pi)C082¢+2p9p/1 sin 2¢}

p, —p,C0s0
sind
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i Hamiltonian

= Assuming Gen. Force F=0 (i.e. No Dissipation)

= Definition of Hamiltonian
H=qp-L=T+U=T-V

= Hamiltonian Equation of Motion

=12
dt oq ), oq), \0q ),

d_q = a_]-[ = K_lp
dt op ),




|

i Angle PD of T (3)

= Caution: Difference in Fixed Var. in PD Eval.
= Euler Angle: Yet Complicated Expression

:(“‘b):_(p; — p;)sin24+2p,p, c032¢]

S0 5)
O )y o0 o9 ),

z
o6

p=(p,.P0p,) P,

),

W0

{2

2

p, — p,C0s0

sind@

[

Py
00

(p,cos2¢— p,sin 2¢)} (%j

jp,t//,vf

00

_ py—Dp,c080
~ sin%g
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Serret Canonical Variable

= Also called as Andoyer Canical Variable
= Canonical Transform of Serret (1866)

(pw,pg,p¢;l//,9,¢)—>(LEp¢,GE|L|,HEpw;€,g,h)
= Generating Function of Can. Transf.

S=[p,dy+| p,d0+ | p,dp=Lp+Hy + | p,do

H—Lcos@2
=—|G° =L -
e \/ ( siné )
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i Serret Can. Angle Var.

= Expression of Serret Angle Variable
= Definition by Gen. Function — Complicated

) _(GSJ 3 I (Lcos20—H cosd)dé
GH.$0w sin O\ G?sin? 6 — H? + 2HL cos 6 — I

oL

gz(a_Sj _ _I Gsingdg
0G )1 140, JG?sin2 60— H? +2HLcos @ — 2

) (8Sj j (Lcosd—H)do
= — =y —
oH sin v G2sin2 60— H? + 2HL cos 6 — 2

L,G,$,0,y
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i Auxiliary Angles

= Introduction of Aux. Angles 1,J,1,j
Gcos/=H,GceosJ =L

JEY=h, i=¢-L
= Geometric Def.
= Q: Prove o Y
= Analytical Expression?
j=j(l,gJ),0=06(1gJ),i=i(l,gJ)

A
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Aux. Angle (2)




i Aux. Angle (3)

= Matrix Relation (Q: Derive from Geom.)
Ry (/) R, ()R, (/) =Ry () Ry (2) R, (1)

= Spher. Triangle Formula from Matrix Rel.

= 2"d Cosine F. c€os@=cos/cosJ —sin/sin.Jcosg

= No-name Formula (J,j<1,1) (Q: Derive)
singsin /

sinJcos/+cos.Jsin/cosg

tani =
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i Aux. Angle (4)
= Euler Angle expressed by Aux. Angle

w=h+j=h+tan™ Ao
sin/cos.J +cos/sinJcosg

@ =cos ™ (cos/cosJ —sin/sin.Jcosg)

¢=€+i=€+tan1( Singsin/ j

sin.J cos/ +cos.Jsincos g
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i Case I»J—0

= EX.: Earth Rotation in Ecliptic CS
= Obliquity of Ecliptic: | ~ 23.5 deg
= Polar Motion: J ~ 0.2 arcsec ~ 10 radian
= Variation of No-name Formula (Q: Show)
, . sinJ cot /sin g —sin®(J/2)sin 2g
F=g-tan £1+sinJcot1c05g—sin2(J/2)(1+c032g)j
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i Case 1»J~0 (2)

= Variation of 2"d Cosine Formula (Q: Show)
AC(2-ACcosI—ASsin[)
(2sin/—AS)(1-ACcosI—ASsinI)

6’=I+tan1{

AC =cos ] —cosé =sin Jsin1<303g+%sin2 Jcos/

—AC(2cos! —AC)

AS =sinl —-sin@ =
sinl+\/sin2 [+AC(2cosI—AC)
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i Case 1»J~0 (3)

= Approximate Expression of Euler Angles
= Q: Derive from Variation of Formulas

zh+(ijsin —J—Zcotlsinz +0(J3)
= sin / . 2 <
2

6’;I+Jcos(g+‘]7cotlsin2 g+0(J%)

2

¢;£+g—JcotIsing+J7(cot2I+%jsin 2g+0(J°)
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i Kinetic Energy

= Canonical Expression of Kinetic Energy
AT =(a+b)G* ~(a+b-2¢) ' ~(a—b)(G* —I* ) cos2/

= Averaged by 2 — Hyperbolic w.r.t G and L
= Note: T is Independent on H, g, and h

E I
aH L,G,l,g,h ag L,G,H,l,h ah L.G,H,/ g
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i Partial Derivative of T

= Using Serret Canonical Variable: Simple

(8_Tj - _(a+b —cj—(a—_bjcoszz}
oL G.H Lo h | 2 2

(S ol
O0G )y wtgi 2 2

(6—T] =(a_bj(G2—L2)sin2£
ag L,G,H,g,h 2
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i Canonical Eq. of Motion

= Hamilton’s Canonical Equation of Motion
= Action Var.: L, G, H Angle Var.: £, g, h

RET
dt ol L.G.H.gh dt oL G.H g h

d_G(@ij de __(osf
dt 02 )i 6w dt OG ), mign

w_(or) @ o
dt Oh )y, Ot OH )1 61.g
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i Canon. Eg. of Motion (2)

= Using Serret Canonical Variables
= Variable of Small Variation: G, H, h
= Variable of Large Variation: L, 2, g

G_ (¥ d—L=—(a_bJ(G2—L2)sin2£ +(8—Vj
dt 2 00 )y 6an

,,,,,,,,,

= _ (6_V) %=—L{(a+b—cj—(—a_bjcoszﬁ}—(a—l/)
dt O )y g dt 2 2 OL )G 1 g




i Torque-Free Solution

= V=0 — Trivial Solution G =Gy, H = H,,h= h,

= Basic EQ.: 2 Essential Freedom (Q: Why?)
d_L:_(a_bj(Gj —L*)sin 2/
dt 2

%z—L (a+b—cj—(a—_b]cos%
dt 2 2

ds _ G, (aerj—[a_b]coszﬁ
dt 2 2
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i Torque-Free Solution (2)

= Case A=B (i.e., a=Db): Simple
= L, G, H, and h are Constant
L=L,, G=G,, H=H,, h=h,
= £ and g are Linear Function of Time
€:€O+né(t—to), g=g,+n, (t—to)
= 2. Reverse and Slow Motion, g: Fast Motion

n,=—(a—c)L, <0, n,=aG, >0
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i Equal Energy Curve

= Case A<B — G=Const. — Freedom 2
= Normalized Kinetic Energy o= a=b

o2 a+b-2c
E= 4Tb ZZCG ~=sin’ J(1-Qcos2¢) 0<Q<1
(a4b=2)G 0., =3.334x10™
= Equal Energy Curve Oveen =0.226

= Mode Changes w.r.t. Energy  0<E<1+Q
= Libration (E>1-Q) vs Circulation (E<1-Q)
= A~B — Q—~0 — Circulation is Major
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i Normal

zed Energy

Qase: Q=0.1
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iEquaI Energy Curve (2)
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i Torgue-Free Solution (3)

= Case A<B<C (Rigorous Treatment) a>b>c

= Energy Integral (Q: Show its conservation)
AT, =2Gd =(a+b)G; —(a+b—-2c) L’ —(a-b)(Gs - I )cos 2/

a>d>c
= Deleting 2 (Q: Derive)
dL
E=i\/(a—c)(b—c)(L§—L2)(L2—Wl)
= Z:iGo <G, le(b:iJGj <2
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i Solution Classification

= 5 Solution Class: w.r.t. Value of d

= Largest: d=a, k- oo ... Uniform Rot. Around A-axis

= Large: d>b, k>1 ... Long- (or A-) Axis Mode

= Critical: d=b, k=1 ... Asympt. Rot. Around B-Axis

= Small: d<b, k<1 ... Short- (or C-) Axis Mode

= Smallest: d=c, k=0 ... Uniform Rot. Around C-Axis
= Similarity and Difference w.r.t. Kepler Motion

= Similarity: Eccentricity, e < Modulus, k

= Difference: Period Length (Infinite only when k=1)
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i Low Energy: d<b

= Domain of L + Transformation to Phase Angle

L(Z)_Li <1
L,

= EQ. of Phase Angle and Solution (Q: Derive)

L=yW,<L<L, L=I,1-k}sin’gp, ki

%:Jl—kjsinzgou(% =0atu, =0) > ¢, =am(u,;k,)
L

= Argument and Modulus of Elliptic Functon
uLEGO\/(a—d)(b—c)(t—to) ) _\/(a—b)(d—c)
= Ly J(a=c)(b—c)(t-1,) (a=d)(b=c)
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I.LLOW Energy (2)

= Solution using Elliptic Function
= Q: Confirm Equality with Solution in Section 4

— Ney, = 6.668x107*
L=Ldn(u;k) =922 e
b—c Mygoon = 0.584

nsn (u,;k, )en(u,;k,)
1+V1+n+nsn®(u,;k,)

Ez%—am(uL;kL)—tanll

GyV1+n

Ly

g=g,+cG, (t—1,)+ pn(u,;n.k,)
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I.LLOW Energy (3)

= Solution using Amplitude Function
= Q: Derive @ =am(u,;k,)

L = Ly\J1-k3sinp

T 4 nsin ¢ cos ¢
(== —gp—tan
2 7 LJ”/“” +nsin’ (o}
G,\V1+n
g=g,+cGy(t—ty)+—2 O (p;n,k,)

L,
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!LLOW Energy (4)

s Case A=B: Then a=b, n=0, k=0

= Q: Confirm Equality with Solution in Section 4 by
Setting £,= = /2

L=1L,

g:%_u uz(a—c)Lo(t—to)

g =g,+aG,(t—t,)

44




:.LLOW Energy (5)

= Case of Earth gy =6.668x107, kg, ~ 3x10™
= Not n but m=k2is negligible

L=,
T nSiNu CoSu
~——y—tan — }
2 L+\/l+n +nsin‘ u

g =gy +cG,(t—1,)+ 7 tan (\/1+ntanu)

0
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i Critical Energy: d=b

= Domain of L + Variable Transformation
LO
cosh ¢,

0<L<L, L=

= Transformed Eq. of Motion and Solution
Y
du,
= Expression of Argument

U, = GO\/(a—b)(b—c) (1—1,)

=1->¢.=u,
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:_L Critical Energy (2)

= Solution using Hyperbolic Function
= Q: Derive it by Taking Limit of k=1 in Low
Energy Solution

L= Lo E:E—tan{smhuc}
coshu,. 2 o

a—=c¢

(a—b)(b—c)

I1, (sinhu.;n,1)

g=g,+cG, (t—t0)+\/
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i High Energy: d>b

= Transformation to Phase Angle , _ 1 _,
~L,<L<IL, L=L,cos¢, Tk

= EQ. of Phase Angle and Solution (Q: Derive)
d& _ kyu,

qu. = J1-k2sin’ g, — ¢, =am(u,;k, ) u, = L

= Argument and Modulus of Elliptic Functon

u, =Gof(a—b)(d—c)(t~1,) kH:\/Ea_Z))((S_C;
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iHigh Energy (2)

= Solution using Elliptic Function
= Q: Derive from Low Energy Solution

by Reciprocal Transformation of Modulus
L=Len(uy,;k,)

Kzz—tan1|:k” 1+nsn(uH;kH)}

ki

dn(u,;k,)

a—c¢

(a—b)(d—)

pn (uH;k,in,kH)

g=g, +cG, (t—t0)+\/

1
—<
k,

1
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iAndoyer Angle (,1,g,J,¢)

= 5 Angles Specifying Principal CS via Ang.
Mom. Axis from Inertial CS
= Basis Matrix Expression of Principal CS

(e, e, e.) =Ry()R,(J)Ry(2)R,(I)Ry(h)
= Relation with Generalized Momentum
p;=GcosJ, p, =Gcost

p, =GsinJsin(¢—)=GsinIsin(y —h)

50




iAndoyer Angle (2)

= Basis Matrix in Inertial CS (Q: Derive)
C,C,C,-CS,C,S,+8S,S,8,S,-5,C,8,C,-S,C,C,C,S,
e,=| CC,S,+CS,CC,-S,S,8,C,-5,C,S,S,+S,C,C,CC,
C,S, S, +5,5,C,  +5,C,C,S,

-5,C,C, +5,5,C,S,+C5S,S,8,-C,C,S,C,-C,C,C,C,S,
e, =|-S,C,S,-8,8,CC,-CS,S,C,-CC,S,S,+CC,C.CC,
-S,8,8,+C,S,C, +C,C,C,S,

C,S,S,+5,8,C, +8,C,C,S,
e.=|-C,8,C,+S,8,S, -8,C,CC,

c,C, -S,C58,
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i Angular Momentum CS

Q=

= CS with Z-axis = Angular Momentum Axis @
= Ang. Mom. CS Associated with Andoyer Angle

(e, €. e;) =R (I)Ry(h)
= Basis Expression in Andoyer Ang. Mom. CS

C, S, 0
e, —[ShC,J,eY —[ ChC,],eZ —£S,1
A -C,S, C,
C,C, -S,C,S, -5,C, —-C,C,S, S,S,
e, = [C/Sg + SZCJCgJ,eB = [SéSg + CZCJCgJ,eC = [SJCgJ

S l SJ CZ SJ CJ
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iAndoyer Angle (3)

= Angular Velocity Expression
dhdr dg A/ de

0=—e,+—e¢,

at T e e a Ta
= Rotation Axis Vector in Ang. Mom. CS
e, =e,=e.SIN/h+e_COSh
e, =e;,e, =€, e, =e,COSg+e,SiNg

e, =e.=(e,sing—e,cosg)sinJ +e;cosJ
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i Angular Momentum

= Two Component Expressions of Ang. Mom.

L, sinZsinh NG* —H"sinh
[LY ] = G[sinlcosh} =| —~G*—H? cosh

L, cos/ H

L)\ (Ao, sinJsin / NG* =L’ sin(
[LB] [Ba)B} = G[sin Jcosé] =|VG* - I? cos/
L.) \Ca, cos.J L
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i Andoyer Variable
= Total Ang. Mom. + 5 Andoyer Angles
(G,h,],g,J,K)

= Non-Canonical yet Geometrically Clear
= Constant in Torque-Free Motion: G, h, |
= Varying in Torque-Free Motion: g, J, 2
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i Andoyer Variable (2)

= Eg. of Motion of Small Varyinig Variable
= Q: Derive from Canonical Eq. of Motion

te_(@)
dt ag G,h,I,J 0

dn 1 (an
dt GSII’]I 61 G,h,g,J,f

d’ 1 (dG] (an
= COSI| — |—| —
dt  Gsin/ dt Oh )G 1601
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i Andoyer Variable (3)

= Eg. of Motion of Largely Varying Variables

ool (e 2
dt 2 2 i oG LH gk
_i[cou(él) eots(2) }
G ol G.h,g,J ! aJ G.h1,g.0
d—‘]:(a—_b)Gsianin 20+ 1 cosJ(d—G)—(a—Vj
dt 2 GsinJ dt ol GlgJ

9 _Geoss (“—”J—c]—(“—_b)coszz — (a—Vj
dt 2 2 GSINJ\ 0T Jg 110
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i Element of Free Motion

s Element = 6 Constants of Motion

= Fukushima and Ishizaki (1994a,CMDA)
= Andoyer Variables when J is Maximum

(Go’ho’lo’gow]o’to)H(LO’GO’Ho’gO’ho’to)
= Constants 2T =aG? —(a—c)Lg:Gg(asin2J0+cC082Jo)
d =asin’ J,+ccos’ J, a—b

k=\/ﬁtanJ0
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Solution by Element

= Low Energy Case (Q: Derive)
= a, b, c, n, 0 are Const., Independent on Element

G=G,,h=hyl =1, uEGOCOSJO\/(a—c)(b—c)(t—tO)

1
g=g,+c o(t to)+0'COSJo pn(un ) o m
J:sin‘l[sin JO\/1+nsn2(u;k)} k=vntanJ, i

a—c

LT o k) tan ! (1-o)sn(u;k)en(u;k)
€_2 (’k) t { 0'+(1—0')Sn2(u;k) }
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i Orbit vs Rotation (2)

Item Orbit Rotation

Basic Sol. Kepler Motion Free Rotation
Classification | Ellipse, Hyperbola |Short-, Long-Axis
Key Param. |Eccentricity, e Modulus, k

Special F. Sol. of Kepler Eq. |Elliptic Function
Basic Angle |[Ecc. Anomaly, E  |Amplitude, am(u;k)
Can. Var. Delauney Variable |Serret Variable
Element Kepler Element Free Rot. Element
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% Partial Derivative of V

omplicated in Serret Var. (Cost of Simple T)
V=V(LG,Hgh)=V(GhI(GH)gJ(GL)/I)

= Partial Derivative w.r.t. Action Variable

I AR N C ) e Co
aL G,H,l,g,h aL G a‘] G,h,1,g,l 8H LG, gh aH G a[ G,h,g,J,l

(%), ) G E )&
aG L,H,l,g,h aG h1,g,J,0 aG L, a‘] G,h1,g,l aG H aI G,h,g,J 1l

= Partial Derivative of Auxiliary Angle

(aJ] -1 (aJ) _cosJ (81) _ -1 (8]} _ cos/
oL ), Gsing'\oG), Gsing \oH ), GsinI'\oG ), Gsinl
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I.L Angle PD and Torque (2)

= PD of Andoyer and Euler Angle

7). 5
aJ ), \aJ

(..

= PD w.r.t. Andoyer Angle |

0i) _ —sinicosi
al),, tan/

= PD w.r.t. J: by Symmetric Change I,i<J,j

Oi

ai
oI

o
g1 8‘//

o
oy

J.g

ol

0.9

0.4

+

+

20
aJ

20
o1

(a_;j _singcos’® j
se SinJcos®I

o
06

o
00

J,g

00
(6] leg ~ sin/sinJ +coscos gsinJ

V.9

)

.05)
aJ )y \ 0P ), ,

A
ol ), ,\ O¢ "

sin@
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i Small Angle Difficulty

= Common to Serret and Andoyer Variable
= Sin 1, sin J in Divisor
= Cause: 3-1-3 Sequence

= EX.: h and g are lll-defined
when 1~0

= Recipe 4 v
= 1-2-3 Sequence + Appropriate CS
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Canonical Transf. assoc. with
i Spherical Rectangular Triangle

= Fukushima (1994,CMDA)
(X,Y;x,y) —)(U,V;u,v)

= Transformation (Q: Show Canonicity)
Y
=x+tan~| —t
U:X u=x+1an (X anyj

V=+X*-Y?siny 1( X2-y? ]
v =1tan = cos y
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i Canonical Transf. (2)

= Aux. Angle

f=sin (zj
X

¢ =sin"* (sinGsin y)
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i Canonical Transf. (3)
= Matrix Relation of Angle Variable
Ry ()R, (0) =R, (u)R, (—4)R; (v)
= Transf. Formula (Q: Confirm)
u=tan™"(tandcos y) Ty = tang

r2sin2y

v=tan*(cos@tan y)= y—tan™
( y)=> [1+T§C082y

J
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i New Canonical Var.

= Double Appl. of Canonical Transformation
(L,G,H;l,g,h)—>(X,F,W;x, f,w)

= New Action Variable: X=L,,F=GW=L,
= New Aux. Angle: u, z, f=u+g+z
= New Form of Kinetic Energy

2T = cF* +(a—c)X2 +(b—c)(F2 —XZ)Sinzx

= After Average w.r.t. x — Elliptic Form
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i New Action Variable

= Expression of New Action Variable in
terms of Serret Canonical Variable

X=L,=NG*-L’sin/=GsinJsin/
F=G
W=L,=~G?—H?sinh=GsinIsinh
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i New Aux. Angle

= New Aux. Angle: vy, z, u, and v

x=tan™(tanJcos/) w=tan"(tan/cos#)
y=sin~(sinJsin/) v=sin"(sin/sinA)

z=tan"(cosJtan’) u=tan"(cos/tanh)

f=u+g+z
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i New Angle V. (wv. f..x)

= Basis Matrix (Note Signature of y)
(e € ) =Ri(x)R,(~y)R;(/)R, (V)R (w)

1T/2-x
M/2-w © \’/4
X h ¢ y
v
o u I g J z 0
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i New Angle Var. (2)

= Two Expression of Ang. Mom. Vector

L, sinv w

L, |=F|—cosvsinw |=| —~F?-W?sinw
L, COSV COS W [F?2 w2 cosw
L, Aw, sin y X

s |=| Bo, |=F|cosysinx |=| VF*—X?sinx
c Cao, COS y COS x -/FZ—XZ COS x

~ B~
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i Ang. Mom. CS (2)

= Ang. Mom. CS for New Angle Var. e, =

(eP e, eR)T =R, (v)R;(w)
= Basis Expr. in New Ang. Mom. CS

Cv SvSw _Sva
O ,eY - Cw ’eZ = Sw
Sv _CvSw Cva

C,C, ~C,S,-S.8,C, S.S,-CS,C,
e,=|CS, |.e,=| C.C,~SSS, |e =-SC,-CsS,S,

S.C, C.C,

|

o
M
Il
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iNeW Angle Var. (3)

= Angular Velocity (Again Note Signature)

dw LWy dv df dy dx

at A e e e

= Rotation Axis Vector in New Ang. Mom. CS
e =e,=€e,C0Sv+e,SIiNv

—€,

e, =e, e, =e,e =—e,sIn f+e,CoS f

e, =e, =(e,C05 f+e,sin f)cos y+e,siny

X
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i Can. Eqg. of Motion (2)

= Eqg. of Motion for New Canonical Variable
(X, F.W;x,f,w)

aF _ (G_Vj g=—(b_cj(F2—Xz)sin2x+(a—Vj
dt S )y e dt 2 OX )y rw fow
dw  (ov dx . (8Vj
SO —=X|(a-c)—(b-c)sinN“ x| —| —
dt (WJX,F‘W‘XJ dt [( ) ( ) :| 6X FW.x,fw

d_w:_(ﬁ_Vj dl:F[c+(b—c)Sin2x} —(a—Vj
dt ow X F.x,f,w dt or XWox,fow
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i New Variable

= Total Ang. Mom.
+ 5 New Angle (F’W’V’f’y’x)

= EOM of Small Varying Var.: F, w, and v

dF (o dw __(G_Vj
dt (o )ypp,, Ot OW ) Fovof o

e
dt \ow /)y rwas F dt




i New Variable (2)

= Eg. of Motion of Largely Varying
Variables: f, y, and x

ool o 5
dt 2 2 OF )W xrw

d—yZ—(b;chCOSySin2x+ 1 [61/) —siny(d—Fj
dt 2 Fcosy|\oxX )y ew i dt

dx 2a—-b—c b—c : oV
—=F +| —— [C0S2x |SIny —| —
dt 2 2 OX e vfom
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:_L Torque-Free Solution (4)

= V=0 — Trivial Solution F = F,,W =W,,w=w,
= Basic Equation

%:- bgc)(ﬁ;f — X?)sin2x

d—x:X 2 b ¢ + b ¢ COS 2x
a2 2
b

ol
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i Torgue-Free Solution (5)

= Case B=C: Simple
= X, F, W, and w: Constant
X=X, IF'=F, W=W,, w=w,
= X and f: Linear Function of Time

x=xy+n,(t—1,), f:fo+nf(t—to)
= X: Slow Motion, f: Fast Motion
n.=(a—c)Xy,>0, n, =cF, >0
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i Torgue-Free Solution (6)

= Case A=B<C: by Trigonometric Function
= Energy Integral
2T, = F/d = aX? +(asin2x+00032 x)(E,2 —XZ)

= Deleting x
dXx d-c
—=Fofla-d)(a=c)(X5-X?) Xo=Fp\ [

= Solution of X (Q: Obtain Solution of x and f)
X=X,c080 o@=F(a—d)(d-c)(t-t,)
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i Equal Energy Curve (3)

= Free Rot. — F=Const. — Again Freedom 2
= New Normalized Kin. Energy h—c
P

—2aF? 2a—b—
x="T-2F ~=—c05s" y(1+ Pcos2x) amoe
(Za—b—c)F 0< P<1
= New Equal Energy Curve ~(1+P)<K <0

= Libration (K>-1+P) vs Rotation (K<-1+P)

=« A~B — P~1 — Libration is Major 1~ =1337x10°
Ry, =0539
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i Normalized Energy (2)

Case: P=0.9




!L Equal Energy Curve (4)

Case: P=0.9

LV L LI A
0 20 40 60 80 100120140160180

X (degq)
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i Torque-Free Solution (7)

= Case B<C: Approx. Librating Sol. Exists
= Ignore 2" and Higher Order of X and x
dx dx d
E:—(b—c)ﬂzx’ E=(G—C)X’ d_{:CE)

= X and x: Slow Libration, f: Fast Linear Motion
X =X, cosnyt—X,sinnyt, x=x,C08n,t+xsiNnyt, f=f+nt

5= G @Ky F [a=a=c) 7y =¢h
ny n,
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i Torgue-Free Solution (8)

= Case A<B<C
= Energy Integral

2T, = F/d = aX* +(bsin® x+ccos’ x)( Fy - X?)

= Deleting x

& e x)xs)
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i Torgue-Free Solution (9)

= Low Energy (d<b) Case Solution k. _d=¢

= Fukushima (1994, CMDA) n a-d
X:Xocn(uL;kL) x:tan_l (kL j 1+nsn(uL;kL)
Jn ) odn(ug;k,)

~Jo Go o - (L;k_LZ’kL]
O (t t)+\/(a—d)(b—c)pn . n

= Q: Obtain Other Case Solution
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8. Numerical Integration
i of Rotation

= Various Sets of Variable
= Euler: Euler Angle and Ang. Vel. .
= Lagrange: Euler Angle and Time Deriv. ¥:0:9:¢,0,9
= Ang. Mom.: Euler Angle and AM v,60,9,L,,L,, L.
= Andoyer: Andoyer Variable G, h,1,g,J,¢
= Inertial: Euler Angle and AM
= Element: G, h,I,7,u,s V8 Lo Ly Ly

= Small Angle Difficulty 6~0 I~0 J-~0

= Encke’s Method and Fast Rotation Difficulty

v,0,0,0,,0, w0,
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i Euler Set

= Variable (¥:0.4,0,,@;, @)
dy wo,sing+w,cos¢ do,

=W
dt sin@ dt 4
dé i dw
— =w®,CoSh—w, Sin B _
dt a)A ¢ a)B ¢ dt WB
d¢ dy dw
——=w,.—| — |cosd C _
it~ (dtj o e

W,=aN ,—aw,o., W, =bN, - fo.o,W.=cN,—yo, 0,
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i Lagrange Set

« Variable (#.6.6.4,6.9)
= Eg. of Motion (Q: Confirm)

dy 1 : dé’) (dgﬁ) (dwj
= W, sing+W,coSg+| — — || —/— |cos @
dt? siné{ 4SING+ Wy OSP4 { dt )  dt

d’o : d¢j dl/jj :
— =W, cosop—-W,sing—| — ||| — |SIn@
gz~ 740089~y sing (dt [ dt

2 2
d—?zWC— d"/,: c039+(d—9) (d—w)sine
dt dt dt dt

88




i Angular Momentum Set

= Variable (v.,0.4,L,,L;,L.)

dy alL,sing+bL,cos¢g dL,
= =N, —(b—-c)L,.L
dt sing dt a=(b=c)LcL,

dL
dtB =N, —(c—a)L,L;

dg dy dz
ek w0 S Ne—(a-p)

((jj—f:aLA cos@—bL,sin ¢
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i Defect of Existing Sets

= Case of Free Rotation (or A=B)
= Reality: Complexity 2 (or 4)
« Complexity=Number of Essential Freedom

= Euler Set, Ang. Mom. Set: Complexity 6 (or 5)
= Lagrange Set: Always Complexity 6

= Andoyer Set

= Complexity 2 (Free Rot.), or 6 (A=B)
= Inertial Set

= Complexity 3 (Free Rot.), or 4 (A=B)
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i Andoyer Set

= Andoyer Variable (G,h,[,g,J,é)

= Ang. Mom. CS (e: e ¢)
= G, h, I: Use of Torque N=N_e, +N,e, + N_e.
a6 _, dh_ N, d_I:_(NF

dt  “'dt Gsinl'dt G

= g, J, 2: Inverse Relation of Angular Velocity
dg . dJ  dv dr dI

e.+—e, +—e.=m—Q =—e,+—¢e
d ¢ dt 7 dt © dt “ dt *

—j N, =N-e,, etc.
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i Andoyer Set (2)

= Rotation of Ang. Mom. CS w.r.t. Inertial CS
da d/

Q=—e,+—e, e,=e,sin/+e;C0s/

dt dt

= Angular Velocity Component of CS Rotation
N N N
QE:—(EFJ, QF:FE, QG:EECOtl

Q,=Q,cosg+Q,sing, Q, =-Q,sing+Q_.cosg
Q,=Q.sinJ+Q,, cosJ, Q.=Q,cosJ-Q,, sinJ
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i Andoyer Set (3)

= Eq. of Motion of g, J, and 2 (Q: Show)

dg a+b a—-b

9% _- _ 052/ |—(Q, +Q., cotJ
dt sz{zjs}“”{ )
dJ:(a_b]Gsianinzz— QJ—(&jcotJ

dt 2 G

ar__ cosJKaer—cj—(a_b)coszﬂ}——%”
dt 2 2 sinJ
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i Inertial Set

= Variables (¥.0.¢,L) dL _
= Eq. of Motion for Angular Momentum dt B

= Complexity 3 in Free Rotation N=N e, + N e, + N.e.
= Introduction of Intermediate Coord. System

e, =e C0Sg+e,sSing

(eS eT eC)T:Rl(H)R3(l//) e, =—e.Sing+e, COS¢

cosy —cosdsiny sin@siny
e, =|sSiny | e, =| cos@dcosy | e.=|—sindcosy
0 sin @ cosé
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Inertial Set (2)

= EQ. of Motion for Euler Angle (Q: Derive)

dy 1 a+b a=b : _
- _sinQK > jLT+[ 5 ](Lssm2¢ LTcosz¢)}

dé (a+b a—b :
dt:( ; jLS+(Tj(LSc052¢+LTsm2¢)

d¢ =cL,.— (d—wj cosé
dt dt

Ly =L, cosy+L,siny, L. =—(L,siny —L,cosy)cosd+L,siné

L. =(Lysiny —L,cosy)sin@+ L, cosd

95




i Inertial Set (3)

= Case A=B
= Integral N, =0— L. = const.
Reducing Number of Variable
L.—(Lysiny —L, cosy )sin @
cos @
Note 1: Rot. Angle is Not Needed in Torque Eval.

L, =

Then, Complexity 4 (I/I’H’LX’LY)

Note 2: Rot. Angle is Not Needed in Ang. Vel. Eval.
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i Inertial Set (4)

= Case A=B (2)
= Eq. of Motion for Prec. and Incl. Angle
dy al, d6 _

dt sing dt

= Rot. Angle Integration Can Be Done Later

aL

d
d—f =cL.—alL,cotéd
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i Inertial Set (5)

= Case A=B (3)
= Eq. of Motion for Angular Momentum
d_,
dt

= N, cosy — N, cos@siny

L :
th = Ngsiny + N, COSOCOSY ;. =r.e,,etc.

3 3
Ny :—(C—A)Zr—’?rch,NT =+(C—A)Zr—’grcrs
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i Small Angle Difficulty

= Destiny of 3-1-3 Convention
= Apparent Difficulty: 8 ~0, 1-0
= Solution: Choosing Suitable CS
= EX.: Ecliptic CS for Earth Rotation
= True Difficulty: J—-0
= Essential, Independent on CS Adopted
= Solution: Another Convention (Ex. 1-2-3)
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i 1-2-3 Convention

= Matrix Relation e
R, (IR (0)R,(v) §
=R ()R, (7)Ry(¢) i v
= Angle Transf. g
&=tan™ (tan G cosy) 0 ° ¢ ; ? -

n=sin"(sin@siny )

2 -
| T, SN2y 0
=¢p+o=¢+y—tant| —2 —tanZ
£=¢ p+y (1+r§c052y/j 5, =tan
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$1—2-3 Euler Angle

= Angular Velocity m:d_fe§+d_’7e +d_§e§
= Rotation Axis Vector il de " dt
1 0 singy
e.=|0|e =|cos¢ |e =e.=|—cospsing
0 sin& cosncosé

= Basis of Principal Coordinate System

cosg cosn —sing cosn
e, =|cosgsinpsiné+sing cosé  |,e, =| —singsinnsin& +cosg cosé

—cos¢ sinpcosé +sind’siné sing’sinpcosé+cosgsiné
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i Angular Velocity

m Inertial CS a¢c =w, — (dgjsmn
= OK for n~0 dt o

w, =E+Csing ol =wm, COS&+ w, Siné
=7C0S¢& — (COSUS'nf d¢ —mysin§+a)z cosé&

nsm§+§cosncos§ dt COS7

o Replacmg Angle Component in Eq.
of Motion for Inertial Set
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i Angular Velocity (2)

= Principal CS dg _ 0,005¢ —w,sing

= OK for n~0 dl cos77
= £cos{cosn+sing Oclit =w,SIN{ +w,Cos{
W, _—§S|n§cosry+77cos§
de = _[9s sinn

= Replacing Angle Component in Eq.
of Motion for Euler Set
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i Euler Set (2)

= Variable (&,7.¢,0,, 0, o)
= EQ. of Motion

dé w,cosd —w,sing

dt oS 7

%—?:a)Asin§+wB cos&

do _ . —(d—gjsin n
dt dt

do,
a

do,
a

da)C_
da
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i Lagrange Set (2)

« Variable (£7:4.6.71.¢)
= Eg. of Motion (Q: Confirm)

d’¢6 1 o ain e (A7) J(dg) (dE) ..
dtz_cosn{WAcosg Wysing (dt){(dtj (dJsmnH

4 _y o R e
F—WAsmcj+WBcos§+(dt]K )cosn}
d2

[ 8 gin, (92| (9€
F—WC [dtzlsmn (dt)KdtjCOSn}
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5 Angular Mom. Set (2)

= Variable (&:7,¢,L,, Ly, L.)

= Eg. of Motion
dé al,cosg—bLysing dL,

_ =N,—(b-c)L.L
dt CoS7 dt N (b C) -

Z—?=aLAsin§+bLBcos§ dstB: s—(c—a)L,L

d¢ dé ) . dZ
E:CLC_(EJS"W dtC ZNC_(a_b)LBLA
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i Andoyer Set (4)

= Andoyer-like Variable (Fowv, f,y,x)

= New Ang. Mom. CS (& e e) e.=e

=F, w, v: Use of Torque N=N,e,+Nse,+N.e.
aF _ dw_ —No dv_N,
d ~ “dt Fcosv'dt F

= f, y, X: Inverse Relation of Angular Velocity

dieR_d_ye +d_xeA:(,)—Q' Q'Ed—weX+Qev
dt t dt dt

N,=N-e,, etc.
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I.L Andoyer Set (5)

= Rotation of New Ang. Mom. CS

e, =€,C0Sv+e,Siny
= Angular Velocity of CS Rotation

N, N,
Q,=-| 2|, Q'Qzﬁ, Q,=-| —Z |tanv
F F F
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df

dt

iAndoyer Set (6)

Eg. of Motion: f, y, x (Q: Derive)
=[c+(b—c)sin2x]F+(%jtanv
=—(b—c)FCOSysinxc03x+%(NP cos f + N, sin f)
= (a—c)—(b—c)sinzx]Fsiny

+%[(NQ cos f — N, sin f)cos y+ N, tanvsin y]
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i Inertial Set (6)

= Case A<B: New Angle and AM (§.7.¢.L)
= Eg. of Motion for AM aL_N
= Another Intermediate ¢S5 &

(e, e; ec) =R,(n)R,(¢)

cosn 0 sinn
e,=| sinpsiné |,e, =|cosé |,e. =|—cosnysing
—sinncosé sin& cosncosé

|
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Inertial Set (7)

= Eq of Motion for Angle (Q: Derive)
Kaerj ( j L,Cc0s2( + 1L, sng)}
cosn

(‘””JL (%
2o

L,=L, cosn+ L siné-L, cosé)san =L,c0s&+ L, siné
L.=L,sinn—(L,sin&—L,cos&)cosy

J L,sin2¢ —L,cos2¢)
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i Inertial Set (8)

s Case A=B

= Integral N.=0— L. =const.

= Reducing Number of Variable
L.—L,sinp+L,sin&cosn
COS & Cosny

L, =

= Again, Complexity 4
(&1, Ly, Ly)
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Inertial Set (9)
= Case A=B (2)
= Eg. of Motion for Prec. and Incl. Angle

de_alp | _ L | tny
dt cosn cosn

dn L L
L —qL L | ———L, tann |tan
dt  E TP cosé (cosn * ﬂj g

= Rot. Angle Integration d—;chC _aL, tany

dt
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i Inertial Set (10)

= Case A=B (3)
= Eq. of Motion for Angular Momentum

d_,
— =N, Ccosp

ol I, =r-ep,etc.
dz, : :

it =N,sInésinn+ N, cosé

3 3
N, = —(C—A)Zr—éerrE,NE :+(C—A)Zr—frCrD
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iQuasi—Element of Rotation

= (Quasi) Element = Const/Linear F. for No Pert.
= Osculating Element = Variable Reducing to Q-
Element when Unperturbed
= OE Becomes Non-Linear F. of Time when Perturbed
= EX. of Osculating Quasi-Element

= G, h, I + Max. of tan J + Argument of EF + Linear
Part of g

(G,h,[,rztanJo =i,u,sj

Jn

115




i Element — Variable

= To Andoyer Variable (Q: Confirm)
g=s+\/(1+n)(1+z'2)pn(u;n|m)

J:tan-{fqnw:nlm)}

dn(u|m)

¢=Z_am(u|m)+tan™ nsn (] m)cn u | m)

2 {M(1+\/1+—n)(1nsn2(u|m))

a—>b
b-c

n m = nr’ qn(u;n|m)s\/1+nsn2(u|m)

116




Element — Variable (2)

= Case of Earth
= Can be Approximated as m=0 (Q: Confirm)

g=s+1+ rzu+tanl(

J = tan‘l(r\/1+ nSinzu)

1=z

—u+tan™!
2 [\/1+n(

1+1+n+nsinu

7Sin 1 Cosu j

nSinu coSu ]

1+ \/Zm)(l—nsin2 u)
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i Variable — Element

= From Andoyer Variable (Q: Show)

1+ nsin® ¢
=(tanJ
S )\/1+n(1+tan2Jcoszf)

u:FL%—KHan‘l[ 75N £COS { j,m]

1+ 1+ n +nsin® ¢
s = g—\/(1+ n)(1+ z'z)pn (u;n | m)
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I.L Variable — Element (2)

= Case of Earth: Again m=0

=2
r;(tanJ)\/ 1+ns;n . >
1+n+tan®Jcos /

:£—£+tan1( nsin £cos/ J
-2

1+~1+n +nsin’/

nSiNu CoSu

S=g— 1+72u+tan1(

1+1+n+nsinu

|
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Part. Deriv. by Element

= PD of Andoyer Var., J (Q: Derive)

= Other PD =0
(&]j :qn(u;n|m)+n(1+z-2jsn(u|m)cn(u|m)
Gy hy Ly .u,s

or dn(u|m) 1-m qn(u;n|m)

x{(l—m)u_en(u|m)+m3”(”|m)cn(ulm)}

dn(ulm)

qn(u;nlm)
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(
(

PD by Element (2)

= PD of Andoyer Var., 2 (Q: Derive)
= Other PD =0

%j _ —nzy1+ndn(u|m)
OT ), ho ko s ; (1—m)qn2 (u;n | m)

x{(l—mw—enwm) zsn(umnng?m)}

+n
m

az) 1+ ndn(u|m)
Gy.hy,1y,7,s

ou qn2(u;n|m)
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PD by Element (3)

= PD of Andoyer Var., g (Q: Derive)
= Other PD =0

() [T e (g et

Go g T 0,5 1+7 1-m dn (u|m

(a_g _ \/(1+n)(1+r2)

au Gy, hy 1y,7,s qnz(u1n|m)

8.
as Go.hg .1y, u
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i Eq. of Element

= G, h, I: Same as in Andoyer Set
= EQ. of Time Variation of Other Element
= Q: Derive (May Be Tough)
dr du [1+n

—_—=y_, ==
dt o dt 1+ 72
Vr=1+r2{m5n(u|m)cn(“|m)( Q,, j+ dn(ulm) (&cotJ—QJH

T Ji+n sinJ qn(u;n|m) G

(b-c)G+v,, $=CG+VS

gn (u;n | m) E\/1+nsn2 (u | m) sinJ =

z- .
mqn(u,iﬂm)
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iEq of Element (2)

v, = (2:(2):?}5:‘)'”1)}{QJ—(N?Jcou}
[an? (uin|m)+n(1+2*)on (u| m)c (ulm)fn(u|m)]( QMJ
Vi+n sinJ

|4
v, ==(Q, +Q,, cotj){ -

l+n n(u,—m|m)+ n(1+z-2)fn(u|m)

fn(u|m)Edn(u|m)[u—pn(u;—m|m)]
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i Another Element

= Another Ex. of Element (L, U, S)
= Angular Momentum in Inertial CS, L
= Other 3 are the Same as Previous
= Q: Derive
= Transf. Formula with Suitable Variable Set
= Analytic Expr. of Partial Derivative
= Eg. of Time Variation of Element
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i Encke’s Method

= Integrate Difference from Approx. Sol.

= Case of Euler Set
= Approx. Sol. = Unif. Rot. Around C-Axis
@, =0, 20,0, =0,y =y,,0=0,¢=d +a,t
= Transf. to Small Non-Dimensional Var.
@Dy @Dp _ % _

2] 2] 2]

Ay =y -y, A0=0-0,,Ap=¢—-¢—0

O =yt
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i Encke’s Method (2)

sTransf. Eq. of Motion = Polar Motion Eq.

dmA = a]\;‘l _a(l+ mc)mB dAl// = ", Sln¢_+ e COS¢
do o do sind
dA@ -
dde :b]\ZB —-BL+m.)m, d—:mA COS ¢ —my SIN ¢
o o o
dne _Ne 9af _ _(dA_‘/’j cos 6
do do do

W=y, +Ay 0=06,+A0 ¢E¢O+O'+A¢
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i Encke’s Method (3)

m Case of Serret Canonical Variable

= Approx. Sol.: Torque-Free Rot. for A=B
L=L,,G=Gy,H=Hy,l=L,+nt,g=g,+n,t h=h

= Redefinin
{23232

Mean Motion " =~
= Transformation to Small Variables
AL=L-L,,AG=G-G,,AH=H-H,,Ah=h—h,
Al=l—Ll,—nt,Ag=g—g,—n,t
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Encke’s Method (4)

= Transfrormed Eq. of Motion (Q: Derive)

dAG _ oV dALz_(a—bj(Gz_Lz)sinMJr(@_Vj
dt og dt 2 ) or

dAH _ (oV %:_(‘Hb—chL+(a_bch052£—(5—V
dr oh ) dt 2 2

dan _ (o) dAg _ (aerjAG—(a_bchosze—(a—Vj

dz OH ) dt 2 2 oG
L=L,+AL,G=G,+AG ,H=H,+AH h=hy+Ah
C=Lly+nt+Al,g=g,+nt+Ag

7
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i Encke’s Method (5)

= Case of Another Element

= Approx. Sol.: General Torque-Free Rotation
L=zL,,r=r,u=zu,+nt,s=s,+nt

= Mean Motion ~ GO\/(a_c)(b_c)

n, -
J1+7;

= Transformation to Small Variable
AL=L-L,, At=7-1,

Au=u—u,—nt,As=s—s,—nt

, n,=cGy Gy =L
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Encke’s Method (6)

= Transformed Eq. of Motion (Q: Derive)

daL dA—T=vT, dﬂ:cAGJrQS
dt dt dt
dAuz\/(a—C)(bz—c) A G, (t+7,)At e
dt 1+ J1+7 (\/1+ 72 41+ ré)
(L+L,)-AL > >
AG = =+LU =,/L
G+ G, G=VL!, G, */70

L=L,+AL,c=7y+At,u=uy+nt+Au,s=s,+nt+As

u
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i Fast Rotation Difficulty

= Ordinary Approach
= Case A=B: Rot. Angle Appears Explicitly
= Step Size of Integration Must Be Small
= Solution (Case: A=B)
= Poisson Approx. + Oppolzer Term
= Inertial Set

= Or Fast Integrator, Fast Computer, ...
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Poisson Approximation

= Assuming dL,
No.1: A= Ne =025 =021 =Ca,

= N0.2: Rot. Axis = AM Axis = Figure AXis
L,=L,=0>L=Cae_

= Approx. EoM (Q: Derive) de. N
dw, N, cosy,+N,siny, it  Co
dt Cw,siné, 0

S d d
dt Ce, c0s 6, dt dt
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i Oppolzer Term

= Difference Between Rot. and Figure Axis
= Corr. of Poisson Approx. % =0=0nVo =y =¥,
= Approx. Eg. of Motion of Correction Term

dé, -1 o°U o°U
= - B+ = | Yo
dt Caw.sind,|\ 00 oy oy’ ),

P

2
i Z(d%j(dg” cosd, + d_sz sing,
Car dt J\ dt dt
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i Oppolzer Term (2)

= Approx. EoM of Corr. Term (2)

dy, 1 o°U U
- - 2 7| Ot Yo
dt Ca,sin“6,|\ 060" ), 00 oy ),
2 2
+ _1 4 (d%’j siné, cosg, — a9, 'ZP
sing, |\ Ca, dt dt
dy
‘{(d—i}"wp}%}




Integration Method for
i Rotational Motion

s Method for General 15t Order ODE

= Method for Special 2" Order ODE (Stoérmer-
Cowell, Hermite, etc.) Can Not Be Used

= General Numerical Integrator
= Single Step: Runge-Kutta, Extrapolation
= Multi-step: Adams

= Symplectic Integrator
= Applicable to Serret Canonical Variable
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i 9. Non-Rigid Effect

= EX.: Rotation of Non-Rigid Earth
= Rigid — Non-Rigid
= Main CS: Principal CS — Tisserand Mean CS
= Eq. of Motion: Euler — Liouville
= Mom. Inertia: Diagonal — Non-Diagonal
= Intern. Structure: Single Layer — Multi-Layer
= Difficulty: Treatment of Fluid (Poincaret Approx.)

= Non-Rigid Nutation: Linear Response Theory
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i Non-Rigid Earth

= Multi-Layer: Crust, Mantle, Fluid & Inner Core
= No Longer the Same Rotation — Chandler Motion
Elastic Response: Earth Tide, Pole Tide

= Prop. Coeff.: Love Number, Shida Number, ...
Dissipation: Unresolved Secular Slow-Down
Excitation Mechanism of Damping Motion

= Polar Motion, Free Core Nutation, etc.

Effect of Fulid: Ocean, Atmosphere, ...
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i Chandler Motion

= Free Nutation (= Free Polar Motion) of Earth
= Circular Oscill. of A- and B-Axis of Ang. Vel.
= Euler’s Prediction: P = 306~325 day
= Observed Value (Chandler, AJ, 1891)
s P ~ 427 day (Also Annual Component)
= Big Issue: Why Different?

= Newcomb (1891) Non-Rigidity Concerns
= International Lat. Obs. (ILO): Mizusawa, ...
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iTisserand Mean CS

= One of Body-Fixed CS for Non-Rigid Body

= Definition by Tisserand
= AM Expr. in a Certain Rigidly-Rotating CS

L:jxx(mxx+v)p(x)d3x:lﬁ)+h

= h: Ang. Mom. Due to Internal Motion
= Define CS such that h=0 Always
= Tisserand Mean Axis = Z-Axis of TMCS
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iLiouviIIe Eqg. of Motion

= Ang. Mom. Conservation d_L _N

= Tisserand Mean CS dt
= |I: Depends on Time and Angular Velocity

[P _N_oxto-[ 2o
Dt Dt

= EQ. of Rotational Motion by Liouville
= Time/AV-Dependency of | Must Be Modeled
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i Liouville Equation (2)

= Separation of 1 T(®,7)=T, +Al(®,)
= Const. & Diagonal + Time-Var. & Non-Diag.
= Euler-Set-like Expression

= Assuming Smallness of Non-Diag. Part
Do
— =W, +AW
Dt

W, =I'(N-oxI,o) AW=-1; [AIWO +(DTAthm +@x Alw}
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i Inertial Set (11)

= Variable (¥, 0,4L)
= OK for Non-Rigidity 9% _ w, _(d_‘éjcose
—N o=1I1L

E Eza)XCOSy/+a)Ysinl//

(e & e)=R(AR(O)R(V) gy @, siny —em, cosy
= Torque in Inertial CS dt sin@

-3
N, :r—s’u[rXrYIZX —1,r 1y +(1”Y2 —rZZ)IYZ + 7,7, (IZZ —IYY)]
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i Inertial Set (12)

= Variable (&.7.¢,L)

. dé d¢ ) .
m 1-2-3 Convention E=60X —(E)Smf?
Avoiding Difficulty

dn :
—= ®,C0s&+w,SINéE
dt df -, sind+m,Cos¢
(e, e, e.)=R,({)R,(7)R,(¢) dt cosny

-3
N, :r—s’u[rXrYIZX —1,r 1y +(1”Y2 —rZZ)IYZ + 7,7, (IZZ —IYY)]
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il\/lom. Inertia Correction

= Correction of I Due To Non-Rigidity
I=1,+Al AI=AJ0+AI+A,I

= Non-Rigid Terms Al
= Body Tide: Due to Tidal Force

= Pole Tide: Due to Centrifugal Force Pl
= Interal Friction: Due to Other Layer Al

= Spherical Harmonics Also Change

Al

145




iBody Tide = Earth Tide

= Corr. Due To External Tidal Force
= Assuming Dipole Var. (P, Mode)

k R’ m e
s0=( )5 o 2]

r

= K, : Love Number
= R: Equatorial Radius of Finite Body
= T ,: Time Lag — Energy Dissipation
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i Pole Tide

= Corr. Due To Centrifugal Force
= Again Assuming Dipole Variation

kR5 2
API(t):[ C;G )(m@m—%ljm

= Again (Small) Dissipation
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iCorr. Spherical Harmonics

= MacCullagh’s Formula — Torque Eval.

I, +1
GMR?C,y =485 ] .
GMR*C,, =—1 .
GMR’S,, =1, I, =e, e,

GMR2C22 — IBB ;IAA

GMR*®S,, =—1I ,,
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i Poincare Theory

= Two Layer: Mantle + Fluid Core
= Total Kin. Energy 2T=0,1,0, to .0,

= Diff. Ang. Vel.
= EQ. of Motion ¢

= Derived from dt
Variational Pr. ¢

dt

Ao, =0,.-m,,

or J ( oT J
— |40, x| — |=N
o0m,, om,,

oT S oT 0
OA® . OA® .
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i Poincare Theory (2)

= Approx. Eq. of Motion
d(Io,, +I.A0.)

dt
d(I. (o, +A0.))

dt

+o, x(lo, +I.A0.)=N

-Ao.xI.0, =0

I=1, +1,
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i Poincare Theory (3)

= Rotational Symmetry 4, =B, 4. =B,
= Two Integrals Exist

= Freedom 4 = 4 Eigen Freq. of Free Rot.

= SA: Spin-Axis Mode = Unif. Rot.

= TO: Tilt-Over Mode = Unif. Rot. of Core
= CW: Chandler Wobble, P~(1-1/400)days
= FCN: Free Core Nutation, P~431days
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i 10. Application

= Basic 1: Earth Rotation
= Application: Mars
= Basic 2: Physical Libration of Moon
= Application: Mercury
= Others
= Asteroid: Not-So-Well-Known
= Artificial Satellite: Controlled Rotation
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i Earth Rotation

= Important: Basis of Coord. Transf.
Between Terrestrial and Celestial CS

= Sidereal Motion S: Rotation Angle, UT1
= Motion of Figure Axis

= Nearly-Diurnal: Polar Motion W
= Other: Precession P + Nutation N

= Matrix Representation

R = WSNP
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i Precession/Nutation

= Non-Nearly Diurnal Figure Axis Motion
= 2 Component in Ecliptic CS
= Longitude, Obliquity

. . Eclipti
= Precession=Very Long Period  pge
V4

= 50 arcsec/y, P—26000y >
= Nutation=0ther Periods
= 18.6y, 0.5y, 9.3y, ...

= Shifting to New Model Ecliptic
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i Precession

= Discovery: Hipparcus (—150BC)

= Old Model: 1AU1976
= Lieske et al. (1977, A&A)
= Dynamical Part: Newcomb
= + Correction in Planetary Mass
= Adding Geodesic Precession
= Theory in Ecliptic CS

= Representation in Equatorial CS
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Oppolzer Represent.

P =R, (_é/A’gA’_ZA)
= 3-Angle Representation in Equatorial CS

<, 2306.2181 0.30188 0.017998
0, |=| 2004.3109 |T +| —0.42665 |T* +| —0.041833 |T°
z, 2306.2181 1.09468 0.018203

= Unit: arcsecond
s 7=(JD-2451545.0)/36525
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i Nutation

= Discovery: Bradley (1747)

= Old Model: 1AU1980
= Seidelmann et al. (1981, CM)
= Rigid Earth Solution: Kinoshita (1977, CM)
= Non-Rigid Effect: Wahr (1981, GJRAS)
= Mean Obliquity (Lieske et al. 1977)
£, =23°26'21".448 - 46".8150T

—0".000597° +0".0018137"°
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i Nutation (2)

= Matrix Representation
N=R,, (&, ~Ay,—(¢,+A¢g))

= Nutation in Longitude A

= Nutation in Obliquity Ae

= Analytic Expression

()3} a-2ne

© \ & COS A, j=1
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i Delauney Angle

= 5 Major Angle in Nutation Theory
= Mean Anomaly of Moon /
= Mean Anomaly of Sun ¢
= Mean Argument of Latitude of Moon F
= Mean Elongation of Moon from Sun D
= Mean Longitude of Node of Moon @

= Other Angle
L=F+Q L'=L-D @ =L-D-/
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i Delauney Angle (2)

= IERS Convention 2003 (2005)

¢ =134.96340251°+1717915923.2178" T +31.8792"T"*
+0.051635"7° —0.00024470"T*

(' =357.52910918° +129596581.0481"T —0.5532" T
+0.000136"7° —0.00001149"T*

F =93.27209062° +1739527262.8478" T —12.7512" T*
—0.001037"7° +0.00000417"T*

D =297.85019547° +160296160.2090" 7 — 6.3706" T2
+0.006593"7° —0.00003169"7*

Q =125.04455501° — 6962890.5431"T + 7.4722" T*
+0.007702"7* -0.00005939"7*
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i Main Term of Nutation

= IERS Convention 2003, Unit: arcsec

Ay (-17.206sinQ . —1.317sin2L’ . 0.207sin 2Q
Ae ) | 9.205c0sQ 0.573cos 2L’ ~0.090cos 2Q

. —0.228sin 2L . 0.148sin ¢’ N 0.071sin/¢
0.098cos2L 0.007 cos ¢’ —0.001cos/
—0.0523in(2L’+€')] (—o.ososin(zuz)j

0.022cos(2L'+ (") 0.013cos (2L + /)

. 0.022sin(2L' (")
—0.010cos (2L ¢")
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i Sidereal Rotation

= Almost Uniform, Nearly-Diurnal Rotation
= 2, = 7.2921150(1) x 10~ radian/s

= Rot. Speed = 360 deg/1 Sidereal Day
~ 365.2422.../366.2422... rev./day
= Greenwich App. Sidereal T. (GAST) =0

S :R:s(@)
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:_L Deviation from Unif.

» UTC — UT1 — GMST — GAST
= DUT1 = UT1-UTC: Unpredictable
s GMST = GMST,+ r UT1 + ...

= Ratio of Sidereal/Universal Time:
= ~1.0027379...
s GAST = GMST + Ay cos e + ...

= Length Of Day (LOD) = 27/Q2

Rot.
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iPoIar Motion (=Wobble)

= Slow Motion of Pole Viewed on Earth
= (X, ¥p) Magnitude ~ 0.1 arcsec ~ 30m
= Periods: Annual, Chandler (—14 Month)

= Unpredictable: To be Monitored
W=R, (—xp)R1 (—yp)
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:_L Earth Orientation Param.

= Earth Orientation Parameters (EOP)

= DUTL, LOD, x,, ¥, , Pole Offset

= Old Name: Earth Rotation Param. (ERP)
= Pole Offset = Error in Prec./Nut. Theory
= Internat’l Earth Rotation Service (IERS)

= Since 1984, Joint Service of 1AU + UGG
= URL: http://www.iers.org/
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i Rotation of Moon

= Libration of Moon
= = Apparent Motion of Moon’s Surface
= = Optical + Physical
= Optical Libration
= Cassini’'s Law + Orb. Motion
= Physical Libration
= Deviation from Cassini’s Law
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i Cassini’'s Law

= Cassini, J.D. (Report 1693, Publ. 1730)

= Approximation Law
= Euler Angle of Moon’s Rotation in Ecliptic CS

w=Q, 0=-0, ¢=F+rx

= F,Q: Delauney Angle

= Obliquity of Moon’s Equator w.r.t. Moon’s
Orbital Plane (Eckhardt 1981) @, =5753"
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i Libration Angle

= Three Libration Angle
o=y-Q, p=—(0-6,), r=¢+y—L—x
= Anal. Sol.: Eckhardt(1981),Moons(1982)
= Transf. Avoiding Small Angle Difficulty
(p,=-sinésing, p, =—sinfcosy,7)
= Numer. Sol.: DE of NASA/JPL
= Lagrange Set
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:_LDE

= Development Ephemeris (NASA/JPL)

= Also Available at NAOJ/ADAC

= Fortran Routines + Binary File

= Latest Ver.: DE408: BC10000-AD10000

= Providing Sun, Moon, Planets

= Some Version Support Phys. Libration of Moon
= More Solar System Bodies: HORIZONS

= http://ssd.jpl.nasa.gov/
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Main Term of Physical
Libration of Moon

= Moons (1982, CMDA) Unit: arcsec
= d = JD-2451545.0
7 =174.27+90.69sin ¢'—16.79sin ¢ +16.79sin (2/ - 2F)

—14.29sin (55.27° + 0.036378°d) +9.94sin (2€ — 2D)
—8.095in (1.68°+0.529524°d ) — 6.74c0s (( — F)
+4.13sin(¢—-2D)—3.46sin (¢ - D)+1.65sin(2F —2D)
—1.39sin (/- F)-1.15sin(¢/— '~ D)+1.00COS F +---
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|

pP
p

)

+ + : + .
9.03cosLj (7.293mL] (—4.703ij

Main Term of Physical

:_L Libration of Moon (2)

+
—3.20cos(F —2D)

. 1.57sin((+F) . 1.24sin(('+ F) 1.02sin((' - F)
—1.09cos(¢'—F)

(5562.013inF]+£124.485in(f—F)}{—74.58)

5539.88c0s F) | ~75.40c0s(¢—F) 0

9.03sin L —7.29cos L 4.68cos F

2.91sin(F —2D) —2.68sin((+F —-2D)
—1.61cos((+F —2D)

0 1.28cos( (' +F)
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i 11. General Relativity

= No Rigid Body < Velocity < ¢

= Non-Rigid-Like Treatment: TMCS, ...
= Tetrad: Four Basis Vector in Spacetime
= Free Rotation = Gravitation Only

= Fermi-Walker Transport
= AM Consev. Law in Curved Spacetime
= Torque-Free = Fermi-Transport
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i Dragging of Inertia

= Local Parallel Shift = Global Non-Rotation
= No Colioris Force = Rest w.r.t. Quasar

= Fermi Transport
= Gen. Relativistic Extension of Parallel Shift

= Fermi-Walker Transp. = Fermi Transp. + Rot.

= Proper CS = Fermi-Transpoted CS
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i Geodesic Rotation

= Spatial Part of Fermi-Transp. Tetrad

= Special Rel.: Thomas Prec. vXxa
3

= General Rel. &
= Geodesic Precession (1+y)vxVe
= ~1.92 arcsec/cy 3
= De Sitter (1917) ¢

= Geodesic Nutation (Fukushima 1991) V xg
= Lense-Thirring Effect ¢
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